Lecture 2:  Wave Equations





2.1. Vector and scalar potentials





Maxwell’s equations can be directly solved only for simple configurations [1-3]. But in common cases it is convenient to introduce so-called “potentials”, with the purpose of decreasing the number of equations. In this case some of Maxwell’s equations are satisfyed automatically. In electrostatics and magnetism two potentials, the scalar, F, and the vector, �EMBED Equation.3���, have been introduced [1-3]. In fact, because �EMBED Equation.3���, one can express �EMBED Equation.3��� through vector potential �EMBED Equation.3��� as:


                                                     �EMBED Equation.3���                                                           (2.1)


Introducing this relation in (1.1a), we finally obtain


                                                   �EMBED Equation.3���                                                 (2.2)


From vector algebra [4, 10] it is well known that any value for which the curl is equal to  zero can be presented as a gradient of any scalar function. Therefore we can present the value in brackets as a gradient of scalar potential F, i.e.,


  or                                                   �EMBED Equation.3����EMBED Equation.3���                                             (2.3)


Hence, the fields �EMBED Equation.3��� and �EMBED Equation.3���, that can be determined through the potentials �EMBED Equation.3��� and F according to (2.1)-(2.3), satisfy the inhomogeneous Maxwell’s equations (1.1b) and (1.1d). Using relations (2.1)-(2.3), one can rewrite these equations as:


                                        �EMBED Equation.3���                                                        (2.4)


                                        �EMBED Equation.3���                                  (2.5)


Thus we reduced the total number of equations to two. Moreover, these potentials are not independent [1-3]; the relation between them can be presented as follows:


                                               �EMBED Equation.3���                                                          (2.6)


The equations (2.3)-(2.5) can be converted into two separate inhomogeneous equations for�EMBED Equation.3���and �EMBED Equation.3���, respectively:


                                                 �EMBED Equation.3���                                                    (2.7)


The equations (2.7) together with relation (2.6) create a system which is fully equivalent to Maxwell’s system (1.1). The form of such equations is called  a wave equation, a term which will be obvious later in this course.


	Often, the so-called Hertzian electric (�EMBED Equation.3���) and magnetic (�EMBED Equation.3���) vectors are introduced instead of the above-mentioned electrodynamic potentials. The electric and magnetic fields in free space can be presented by use of these vectors as:


                          �EMBED Equation.3���              (2.8a)


and                       


                         �EMBED Equation.3���              (2.8b)


Hence, the Maxwell equations reduce to two wave equations for Hertzian electric and magnetic vectors, which we present here for free space, respectively:


                                       �EMBED Equation.3���                                                          (2.9)


Here �EMBED Equation.3��� is the vector of the magnetic current density [1-4]; �EMBED Equation.3��� is a wavenumber.





2.2.  Poynting theorem





This theorem is the simple law of EM-wave energy conservation. It is known from electrostatics and magnetostatics, that the work of the electric field to move a single charge q is equal �EMBED Equation.3���, where �EMBED Equation.3��� is the vector of the charge velocity. The same work of the magnetic field for this charge is equal to zero, because the magnetic field direction is perpendicular to the velocity vector [1-3]. For a continuous distribution of charges and currents in a medium, the total work of the EM field in the volume V in unit time is equal [1-3]:


                                                        �EMBED Equation.3���                                                         (2.10a)


This expression determines the velocity of the decrease in the field energy within the volume V.


	Let us now obtain the law of energy conservation, using Maxwell’s equations (1.1). We shall substitute the current density �EMBED Equation.3��� in (2.10a) using (1.1b) 


                                         �EMBED Equation.3���                             (2.10b)


Taking into account the vector equality [4]


                                        �EMBED Equation.3���


and (1.1), one can easily rewrite (2.10) as:


                                  �EMBED Equation.3���                  (2.11)


If we now present the density of total field energy according to [1-3] as


                                              �EMBED Equation.3���,                                                  (2.12)


then (2.11) will be rewritten in the following form:


                                   �EMBED Equation.3���                                    (2.13)


Because expression (2.13) is written for any volume V, it can be presented in differential form:


                                         �EMBED Equation.3���                                                             (2.14) Equation (2.14) is the equation of EM-field energy conservation, or the equation of continuity. It can be easily shown that the vector �EMBED Equation.3��� in the brackets on the right hand side of (2.14) has the dimension of watt/�EMBED Equation.3���, which is that of power density. From (2.14) is clear that it may be associated with the direction of power flow. 


The vector that determines the power flow of EM field is called the Poynting  vector. Equation (2.13) is the integral Poynting theorem and equation (2.14) is its vector presentation.


	Using the time harmonic presentation of Maxwell’s equations, one can convert (2.13) to the time harmonic form. In fact, if we now introduce instead of the derivation �EMBED Equation.3��� the term iw, and present the operation of averaging <�EMBED Equation.3���>, as �EMBED Equation.3���, taking into account Gauss’s theorem for the term �EMBED Equation.3���, we finally obtain from (2.13) the Poynting theorem presented in time harmonic form:





                                         �EMBED Equation.3���                   (2.15) 





2.3.  Wave equation presentations





Physically, EM-wave propagation phenomena can be described by use of both the scalar and vector wave equation presentations. In the case of an isotropic inhomogeneous medium one can present Maxwell’s equations in the following form, using their time harmonic presentations (1.7):


                   �EMBED Equation.3���          (2.16)


Because most problems of wave propagation above the terrain, including built-up environments, reduce to propagation in a homogeneous, source-free isotropic medium, this system can be easily simplified from system (1.7) by taking into account the relations (1.3a)-(1.3c) with �EMBED Equation.3���, that is,


                                                  �EMBED Equation.3���                                          (2.17) Because both equations are symmetric, one can use one of them, namely that for �EMBED Equation.3���, and by introducing the vector relation �EMBED Equation.3��� and taking into account that �EMBED Equation.3���,  finally obtain


                                                  �EMBED Equation.3���,                                           (2.18)


where �EMBED Equation.3���. It can be shown that all other electromagnetic vectors satisfy as well the same wave equation as (2.18) (see, particularly, the equations (2.9) for Hertzian vectors in a source-free medium).


	In special cases of a homogeneous, source-free, isotropic medium, the three dimensional wave equation reduces to a set of scalar wave equation. This is because in Cartesian coordinates, �EMBED Equation.3��� where �EMBED Equation.3���, �EMBED Equation.3���, �EMBED Equation.3��� are unit vectors in the directions of the x, y, z coordinates, respectively. Hence, the equation (2.18) consists of three scalar equations such as


                                              �EMBED Equation.3���,                                             (2.19)


where �EMBED Equation.3��� can be either �EMBED Equation.3���or �EMBED Equation.3���. This statement is not true in cylindrical or spherical coordinate systems. The problems of independent solution of each scalar wave equation, such as (2.19) is the subject next lecture.





2.4. Boundary conditions





Equations (2.16) describe all the propagation phenomena within an infinite inhomogeneous isotropic medium. But if we consider two inhomogeneous finite or semi-finite regions, we need to introduce boundary conditions at the interface between these two regions in order to solve one of the two equations (2.29). In this case the procedure to solve the vector wave equation is as follows.


	As a first step this equation is solved separately for each region. Then, in the second step, by patching the solution together via boundary conditions, we obtain the solution for two neighboring regions. It can be easily shown that the boundary conditions follow from one of the two vector wave equations (2.16). To do so, we integrate the first equation of (2.16) within a small region in the interface of the two inhomogeneous semi-finite or finite regions, as presented in Fig. 2.1. Then using Stokes’s theorem for the surface integral of a curl and using the same integration over surface S for both equations (2.13), we finally obtain after straightforward derivations and taking the limit �EMBED Equation.3��� (see Fig. 2.1) respectively for the magnetic-field component


                                              �EMBED Equation.3���                                                (2.20)


and for electric-field component


                                                    �EMBED Equation.3���                                                       (2.21)


where �EMBED Equation.3��� and �EMBED Equation.3���  is a magnetic and electric current sheet at the interface, respectively. Equation (2.20) states that the discontinuity in the tangential component of the magnetic field is proportional to the electric current sheet �EMBED Equation.3���. This is the first boundary condition for solving any one vector electromagnetic equation from (2.16). Equation (2.21) states that the discontinuity in the tangential component of the electric field is proportional to the magnetic current sheet �EMBED Equation.3���. This is the second boundary condition for (2.16).


	Both boundary conditions (2.20) and (2.21) can be simplified for the case of wave propagation above a flat intersection. In this case, there are two semi-infinite neighbouring regions (air-conductor intersection) separated by the boundary, as shown in Fig. 2.2.


	In the case considered, the first boundary condition (2.20) for an isotropic non-magnetized (�EMBED Equation.3���=1) source-free (�EMBED Equation.3���, �EMBED Equation.3���) sub-soil medium reduces to


and                                          �EMBED Equation.3���                                                               (2.22)


Both conditions are valid in the case of finite conductivity of each medium, which is satisfied within the air-ground surface. The first condition in (2.22) states, that the normal components of the magnetic field of the wave are continuous at the interface of air-conductor intersection surface. The second condition in (2.22) states that the tangential component of magnetic field is also continuous at the interface of the air-ground surface.


	As for the second boundary condition (2.21), it also can be simplified for the interface of the air-conductor intersection as


or                                         �EMBED Equation.3���                                                          (2.23)


Condition (2.23) states that the tangential components of the electric field of an EM wave are continuous at the interface of the air-conductor intersection surface.


One may notice that conditions (2.33) and (2.34) are more general than those described by (2.35) and (2.36), and satisfy various kinds of isotropic inhomogeneous media that consist of both electric and magnetic sources.





2.5. Wave equation solutions





To analysis different kinds of wave equation solutions, let us consider free space, as a simple example of an infinite isotropic homogeneous source-free medium, the vector wave equation of which can be presented in very simple form (2.17)-(2.18) for one of the component of the EM field, or by use of the Hertzian vector �EMBED Equation.3���:


                                             �EMBED Equation.3���                                                (2.24)


where, once more, the wavenumber �EMBED Equation.3��� (in many practical cases of terrain propagation �EMBED Equation.3���=1 with great accuracy, and one can rewrite it as �EMBED Equation.3���).





 2.5.1.  Plane waves in homogeneous medium


For plane waves in a Cartesian coordinate system each of the equation (2.18) or (2.24) can be rewritten in scalar form (2.19) for any Cartesian component of vectors �EMBED Equation.3���, �EMBED Equation.3��� or �EMBED Equation.3���.  Usually, in the literature there is other form of presentation of equation (2.19) by introducing instead wavenumber k, the phase velocity �EMBED Equation.3���. In this case (2.19) can be rewritten as:  


                                                �EMBED Equation.3���                                          (2.25)


Wave equations (2.19) or (2.25) have the well-known solution [1-3]


                                                  �EMBED Equation.3���                                                 (2.26)


The waves that satisfy scalar equation (2.25) and are determined by expression (2.26) are called plane waves. Wave vector �EMBED Equation.3��� denotes here the direction of propagation of the plane wave in free space (see Fig. 1.1). If one considers the plane wave that propagates in any direction, say along the x-axis, then the fundamental solution of (2.25) is


                                            �EMBED Equation.3���                                (2.27)  


This solution describes the waves, propagating in the positive direction (with the sign “+” in the exponent) and in the negative direction (with the sign “-” in the exponent) respectively along the x-axis with phase velocity  �EMBED Equation.3��� which equals �EMBED Equation.3��� in an ideal free space.


	But one can note that EM fields have a vector character and satisfy Maxvell’s equations (1.7) or wave equations such as (2.18), (2.24). Thus one can find the field vectors in the following form


         or                               �EMBED Equation.3���                                              (2.28)


where �EMBED Equation.3��� and �EMBED Equation.3���  are the constant unit vectors, i.e., �EMBED Equation.3���; �EMBED Equation.3��� and �EMBED Equation.3��� are the complex amplitudes, which  are constant in space and time. From conditions in free space without sources


                                           �EMBED Equation.3���      and    �EMBED Equation.3���


it follows that


                                           �EMBED Equation.3���     and    �EMBED Equation.3���                                           (2.29) which denote that �EMBED Equation.3��� and �EMBED Equation.3��� are perpendicular to direction of wave propagation �EMBED Equation.3���. Moreover, because in free space the first Maxwell equation (1.1a) or (1.7a) reduces to


                                     �EMBED Equation.3���        �EMBED Equation.3���                                         (2.30) we can finally obtain from (2.43) for a plane wave (2.41) in free space (with �EMBED Equation.3���):


                                    �EMBED Equation.3���                                 (2.31)


Equations (2.31) have solutions:


                                       �EMBED Equation.3���     �EMBED Equation.3���                                                  (2.32) Hence, vectors �EMBED Equation.3���, �EMBED Equation.3��� and �EMBED Equation.3��� form the system of orthogonal vectors, where vectors �EMBED Equation.3��� and �EMBED Equation.3��� oscillate in phase and their ratio is constant (see Fig. 2.3). The wave, which is described by relations (2.28) and (2.32), is a transverse wave propagating in the �EMBED Equation.3���-direction.











2.5.2 Wave polarization


The vector of electric field in the plane wave as described by formula (2.28) is directed along unit vector �EMBED Equation.3���. To obtain the more general case of wave polarization we need an additional linear polarized wave independent of the first one. It can be easily shown that two linear independent solutions, which satisfy wave equation (2.27) or (2.28) can be presented in the following form:


                                             �EMBED Equation.3���                                                 (2.33)


The magnetic field components of the EM wave satisfy, according to (2.28) in free space (�EMBED Equation.3���=1), the following relations:


                                    �EMBED Equation.3���  �EMBED Equation.3���   j=1, 2                                   (2.34)


Here amplitudes �EMBED Equation.3��� (�EMBED Equation.3���) and �EMBED Equation.3��� (�EMBED Equation.3���) are the complex values, which enable us to introduce the phase difference between the two components of the EM wave. Thus the common solution for the plane EM-wave propagated along vector �EMBED Equation.3���, can be presented as a linear combination of �EMBED Equation.3���and �EMBED Equation.3���:


                                      �EMBED Equation.3���                                      (2.35) 


If �EMBED Equation.3���and �EMBED Equation.3��� have the same phase, then solution (2.35) describes the linear polarized wave with polarization vector directed to the �EMBED Equation.3���-axis at angle


                                                       �EMBED Equation.3���                                               (2.36a)


and with amplitude


                                                      �EMBED Equation.3���                                            (2.36b)


as presented in Fig. 2.4. 


	If �EMBED Equation.3���and �EMBED Equation.3��� have different phases, then the EM wave (2.35) is elliptically polarized. If �EMBED Equation.3��� and phase difference equal �EMBED Equation.3���, then the elliptically polarized wave becomes a circularly polarized wave. In this case solution (2.35) can be rewritten as


                                       �EMBED Equation.3���                                         (2.37)


The sign “+” corresponds to anticlockwise rotation (sometimes called the wave with left-hand circular polarization). The sign  “-” corresponds the waves with right-hand circular polarization (see Fig. 2.5). Then two waves with circular polarization can be considered as a basic system for describing the common case of polarized waves. Let us introduce in the common case the orthogonal complex unit vectors:


                                                �EMBED Equation.3���                                                  (2.38)


Then, the common presentation of a polarized wave (2.35) by the use of linearly polarized waves, now, by the use of two circularly polarized waves (2.37) and expression (2.38), can be rewritten as


                                        �EMBED Equation.3���                                   (2.39)


where �EMBED Equation.3��� and �EMBED Equation.3��� are the complex amplitudes of two circularly polarized waves with opposide directions of rotation. If their modules are different, but their phases are equal, then expression (2.39) describes, as above, an elliptically polarized wave with main elliptical  axes  directed along �EMBED Equation.3��� and �EMBED Equation.3���. The ratio of these semi-axes equals of (1-q)/(1+q), where �EMBED Equation.3���. If the complex amplitudes have different phases, so that 


                                               �EMBED Equation.3���                                                      (2.40)


then the ellipses’ axes for �EMBED Equation.3��� - vector  are rotated by angle �EMBED Equation.3���. In Fig. 2.6 the common case of an elliptical polarized EM wave is presented. At each spatial point the vector �EMBED Equation.3��� (the same applies to the vectors �EMBED Equation.3���or �EMBED Equation.3���) describes ellipses, as shown in Fig. 2.6. For the case �EMBED Equation.3���, we once more return to the case of linearly polarized wave.





2.5.3. Cylindrical and spherical waves in free space


As mentioned in the literature [1-3, 5-7], to obtain the common vector presentation of cylindrical and spherical waves is a very complicated problem, which can be reduced for the case of an isotropic homogeneous source-free medium (with properties which limit to those in free space, but with �EMBED Equation.3���) to the simple scalar form, as was done above for the plane wave in the Cartesian coordinate system. 


The scalar wave equation in the cylindrical coordinate system �EMBED Equation.3���can be written as:


                             �EMBED Equation.3���                              (2.41)


The above partial differential equation can be solved by separation of variables, and its one-dimensional (along the z-axis) solution can be presented in the following form [4]


                                        �EMBED Equation.3���     �EMBED Equation.3���                                (2.42)


where n is an integer since the wave field has to be 2p periodic in �EMBED Equation.3���. Then, by substituting (2.42) in (2.41), we reduce it to an ordinary differential equation with the full derivative (d/dx, x is variable) presentation [4]:


                                         �EMBED Equation.3���                                  (2.43)


where �EMBED Equation.3���. One may notice that (2.43) is the Bessel equation [10] with two lineary independent solutions. Its general solution is a linear superposition of the following four spectral functions [4]: Bessel function, �EMBED Equation.3��� Neumann function, �EMBED Equation.3��� Hankel functions of first order, �EMBED Equation.3���, and second order, �EMBED Equation.3��� respectively. Since only two of these four special functions are independent, they are lineary related each other, that is,


or                               �EMBED Equation.3���                               (2.44)





Full information about the properties of these special functions can be obtained from the special books [4, 10], which describe all mathematical functions. For our purposes the exponential approximation of those functions is very important. 


For example, the general representation of a cylindrical wave (2.42) can be reduced in a very simple exponential form:


                       �EMBED Equation.3���            (2.45) Here �EMBED Equation.3��� is the arc length in the �EMBED Equation.3��� direction, and �EMBED Equation.3��� can be thought of as the component of vector �EMBED Equation.3���, if one compares the cylindrical wave presentation (2.45) with that for a plane wave (2.26). Consequently, expression (2.57) looks like a plane wave propagating mainly in the direction �EMBED Equation.3���, when �EMBED Equation.3���. 


	We now consider a spherical wave presentation in free space. In the spherical coordinate system �EMBED Equation.3���, the scalar wave equation is [4]:


              �EMBED Equation.3���         (2.46) Following [3], we present the solution of this equation in the form:


                                         �EMBED Equation.3���                                                   (2.47) The general equation (2.46) can be further simplified by the separation of variables by letting


                                         �EMBED Equation.3���                    �EMBED Equation.3���                     (2.48)


where �EMBED Equation.3��� is the associate Legendre polynomial satisfying the equation


                          �EMBED Equation.3���                (2.49)





Analogously, �EMBED Equation.3���satisfies the equation


                                   �EMBED Equation.3���                             (2.50)


Equation (2.50) is just the spherical Bessel equation, and �EMBED Equation.3��� is either the spherical Bessel function, �EMBED Equation.3���, spherical Neumann function, �EMBED Equation.3���, or the spherical Hankel functions, �EMBED Equation.3���and �EMBED Equation.3���[4, 10].


	As is shown in [4, 10], the spherical special functions can be approximated by the spherical functions proportional to ~�EMBED Equation.3���. If so, one can represent spherical wave, as a plane one when �EMBED Equation.3���.
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