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Abstract — A recently published learning algorithm GGAP for radial basis function
(RBF) neural networks is studied and modified. GGAP is a growing and pruning
algorithm, which means that a created network unit that consistently makes little
contribution to the network’s performance can be removed during the training. GGAP
states a formula for computing the significance of the network units, which requires a d-

fold numerical integration for arbitrary probability density function p(x) of the input

data x (xeR"). In this work the GGAP formula is approximated using a Gaussian
mixture model (GMM) for p(x) and an analytical solution of the approximated unit

significance is derived. This makes it possible to employ the modified GGAP for input
data having complex and high dimensional p(x), which was not possible in the original
GGAP. The results of an extensive experimental study show that the modified algorithm
outperforms the original GGAP achieving both a lower prediction error and reduced

complexity of the trained network.

Index Terms - Radial basis function neural networks, sequential function
approximation, growing and pruning algorithms, extended Kalman filter, Gaussian
mixture model.

[. INTRODUCTION

Radial basis function (RBF) neural networks are well established as able to
approximate complex nonlinear mappings. Recently many algorithms have been
proposed for training these networks - support vector machines [1] - [3], relevance
vector machines [4], [5], orthogonal least squares algorithms [6] - [8], recursive least-
square-based algorithms [9], [10] and others. In some practical applications new
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training data becomes available from time to time and in these cases sequential
(incremental) learning algorithms [11] - [27] are generally preferred over batch
algorithms because they do not require retraining for the new data.

In this work a recent generalized growing and pruning (GGAP) algorithm [18]
for sequential learning RBF networks is studied and modified. GGAP is a resource -
allocating network (RAN) algorithm, which means that a created network unit that
consistently make little contribution to the network’s performance can be removed
during the training. The original contribution in the GGAP with respect to other RAN
algorithms [19] - [22] is a proposed formula for computing the significance of the
network units, which results in a significant reduction in the number of the units. This
formula involves a d-fold integration of an expression using the probability density

function p(x) of the input data x (xeR"). For an arbitrary p(x) this requires a

numerical integration, which in practice is only possible for small input
dimension (d <5)'. In order to overcome the problem of d-fold integration the GGAP
separately computes the unit significance for each attribute (dimension). However this is
only accurate for independent attributes of the input data and leads to a fall off in
performance when used on complex p(x). In this work the unit significance is
approximated using a Gaussian mixture model (GMM) for p(x). This enables us to
approximate any pP(x) to arbitrary accuracy [23, page 111]. In addition using the GMM
we derive an analytical solution of the unit significance. This allows us to apply the
GGAP on data sets having a large dimension and complex p(x), which was not
possible in the original GGAP [18].

The paper is organized as follows. In Section II we give a brief overview of
GGAP [18] and derive an expression for the threshold of the GGAP significance
criterion, which overcomes a confusing interpretation of the threshold stated in [18]. In
Section III.A a GMM approximation of the unit significance is proposed and a closed -

form expression of the approximated significance is derived followed by an explanation
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of the modified GGAP algorithm in Section III.B. The results of an extensive
experimental study presented in Section IV show that the modified GGAP (Section
I11.B) outperforms the original GGAP [18], achieving both a lower prediction error and

a trained network with a reduced complexity.

II. GGAP ALGORITHM [18]
GGAP [18] is an RBF approximation algorithm in which the training points (x,,Y,) are
presented sequentially (one - by - one) and disregarded after being used”. Here y, is the
desired output (target) of the network for a d - variable input vector x, (x, € R).
Assume that an RBF network with S units has been obtained at the n-stage of the
training. For an arbitrary input vector X = (Xl, Xyyeees Xy )T the network output ™ (x) is
a linear combination of the RBF responses

f<">(x)=zj=1wj¢j (X)+a,. (1)

Here ¢,(x) = exp(—”x—ujuz/o-f) is an RBF,

| denotes L*- norm, p;(n; €R?) is a

prototype vector and af is a positive parameter defining the spread of the RBF. If the
Jth unit is removed then the output of the network with the remaining S-1 units is

£V (x) = Z: ¢, (X)+ Z;H o,¢;(X)+®,, which results in an error
E(J,x) =|f™ (x)- £ (x)|=|e, |4, (x). In [18] the significance of the Jth unit is
defined as a L - norm® of E(J,x), weighted by the input density function p(x) i.e.
2 ) 1/2
By, (J) :|a)J |(de exp(—2||x—uJ || /0'J ) p(x)dx) . (2)

The GGAP performs the following sequential updating of the network:

% The GGAP algorithm can be used sequentially only when the input data distribution p(x) is known a priori.
Unfortunately, for most real-world problems p (x) is unknown [23] and must be approximated in advance by using
some pre-history data set [18], [24] - [27].

3 It should be noticed that in [18] the significance of the units has been derived for L” - norm, for any value of g.
Here we consider the L* - norm in order to be consistent with previous RAN algorithms [19] - [22]. The modified
algorithm ( Section III) can be extended to L” - norm straightforwardly.



e A unit is initiated if significance and growth criteria are fulfilled:

The significance criterion, as originally proposed in [18] is

N e N o P M | PN = G)
and the growth criterion (conventional RAN criterion [19, Section II])

%0 = o> €0 - (4)

In (3) e =y, —f" (Xn) is the prediction error of the approximation, p,, =argmin||x, —p; H is
nj

the nearest prototype vector tox,, A is a user-supplied parameter which determines the

overlap of the RBFs and ESS* is a significance threshold. In (4) €, denotes the scale of
resolution which decays exponentially during network training. When a new unit is

added, the parameters associated with it are calculated by the original RAN algorithm

[19, Section II]: wg,, =€,, ps,, =X, and oy, = /1||Xn -1, || The criterion (3) ensures

GGAP and

that the significance (2) of the newly added unit is greater than a threshold E >,
criterion (4) - that the new unit is sufficiently far from the existing prototype vectors.
e  GGAP does not add a unit when one or both criteria (3), (4) are not fulfilled. In

this case the RBF of the unit having prototype vector p, . is updated by an extended

Kalman filter (EKF) iteration [20, expr. (6.2)]. After this if (3) is not fulfilled the latter
unit is removed.

The GGAP [18] replaces the classical RAN prediction error criterion

|en|:|yn_f(xn)|>emin with (3). In classical RAN [19] the threshold e defines the

desired approximation accuracy of the network. In GGAP papers [18, Section IV], [24,

Section III], [25, Section 3], [26, Section 3], [27, Section II], a confusing setting

ES®*" =e__ was stated. Observing the expression under the integral in (3) we conclude

that it strongly depends on the range of input data x. Denoting the averaged value of

the integral (the expectation over x,) by 7 and using the significance criterion (3)

[20, page 961], we find that ES*" is a scaled version of €__

min

which implies |e,| > e

'min

EGGAP _

‘min - nemin . (5)
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In Section IV we define empirically a suitable range 0.03 <7 <0.1 for normalized data

sets having input attributes 0 < x, <1, k=1,2,..d and target 0<y<1.
The computation of Eg, (J) (2) is an open problem in GGAP algorithms. In [24],

[25] E,, (]))(2) is calculated analytically for uniformly distributed p(x).In [18, Section

sig

II] E,,(]) is computed separately for x,, k=1,2,...d . Unfortunately in [27] it is shown

sig
that these simplifications lead to degradation of the performance for complex p(x). In
next section a modification of GGAP is proposed, which overcomes these restrictions
on p(x).

III. A MODIFIED GGAP ALGORITHM

As mentioned above a critical part of GGAP algorithm [18] is the computation of

Eg, (1) . Here a modification of the GGAP (named GGAP-GMM algorithm) is proposed

based on a GMM approximation of E__ (j) derived in Section III.A. In Section III.B the

sig

GGAP-GMM algorithm is presented.

A. GMM Approximation of E, ()

This approximation requires a GMM modeling of input density p(x)
A M
p(x) = Zi:l o N(x;m;, %), (6)
where N(x;m,,Z,) is a d - variate Gaussian density function with mean vector m, and

covariance matrix X, , and ¢; are mixing coefficients which are nonnegative and sum to

one. As in other GGAP algorithms [18], [24] - [27], before starting the sequential

training we require N input data points. The parameters (¢;,m,;,X;, and M)of

pre—history
the GMM are computed using these points.

In the following explanation an analytical computation of d-fold integral (2) for

p (x) modeled by GMM (6) is derived. For this purpose the first term under the integral

in (2) 1s presented in the form exp

_2“x—pj“2/of):(7zof/2)d/2N(x;pj,lo-j/2) where 1



isa dxd identity matrix. Substituting the latter expression into (2) and replacing p(x)

by p(x) (6) we obtain the following approximation for Eg (j):

A d/2 < M 1/2

Eg, (1) = ‘a)j‘|:(72'0j2/2) Zi:lai Inﬂ N(X;pj,Iaj/2)N(X;mi,2i)dx} . ()
The above integrals have a closed-form solution [28, page 101]

.[Rd N(x;pp,lo; /2N(Gm;, Z)dx = N(p; -m;;0,10,; /2+X). (8)

Finally substituting (8) into (7) we obtain E,_(j) by direct matrix calculations

sig
R d/2 12
By j)=\mj\((mf /2) NTJ.A) , )
where A =(a,,...,a,) and

Ny =(N(p; ~m:000, /242, )N (i ~m,: 0.0, /24 5, ). N (1, ~myy 50,10, /24 5, )

]

B. GGAP Algorithm Using E, (j) (9)

Table 1 presents the GGAP-GMM algorithm. All steps, apart from those which are
labeled with an asterisk, are identical to those used in the original GGAP algorithm [18,
Section III].

TABLE 1. GGAP-GMM algorithm

(*1) Compute a GMM P(x) (6), based on N observations.

pre—history

Set the desired approximation accuracy €

min *

Set initial parameters of the network: number S of the network units and values of @;,p;,0; of the

units.*

(*2) Compute ESCAP = 1€, » 17 1s a user supplied parameter.

'min

For each observation (xn A ) presented to the network, do:

1. Calculate the parameters of the significance (3) and growth (4) criteria
8n = max{gmax .yn’gmin}’(o < 7/ < 1)
e =y —f"(x,)

for € . ,€._.,7 user supplied parameters and f ™ (Xn ) the current network having S

min >

number of units.

2. Compute parameters for potential new (S+1)th unit:

W5, =€, Mg,y =X, Og,y = ﬂ”Xn el ”

* Different methods can be used for the initialization of the network. In the experiments (Section IV) we
used [20, p. 963].




*3. Compute Esig (S+1)9).

4. Update the network
If |x, — | > €, (growth criterion (4)) and E,

criterion ) are fulfilled add new unit (S=S+1).
Else

Adjust the parameters [a)nr,u;r,am:l of the nearest unit nr to X, by EKF iteration
[20, expr. (6.2)].

Compute E__(nr)using (9).

If Eg (nr) < S

Remove the nr-th unit.
Endif
Endif

(S +1) > ES* (GGAP significance

min

sig
(GGAP significance criterion is not fulfilled)

EndFor

GGAP-GMM algorithm (Table 1) differs from the original GGAP [18, Section

II1] in the following important points:

(*1) GGAP-GMM models input density p(x) by GMM (6), which can

represent complex p(x) and overcomes the restrictions on p(x) required in previous

GGAP algorithms [18], [24] - [27]. In recent years significant progress in GMM
density estimation methods has been achieved [23, Chapters 9-12], [29] - [33]. In the

experiments (Section IV) the method [30] is used, which finds the number M of the

GMM components and the values of the parameters (¢;,m;, X; ) simultaneously.

(*2) We compute the threshold for the significance criterion by the expression

ESS* =pe . derived in Section II. Here e_ has the clear meaning of desired

approximation accuracy and 7 is in the range 0.03 <7 <0.1 for data sets having input
attributes 0<x, <1, k=1,2,..d and target 0 <y <1 (see Section IV.A).
*3 E

sg(S+1) is computed by direct matrix calculation using a closed-form

solution of the integrals (8), which makes GGAP more accurate and quick.




IV. EXPERIMENTAL STUDY

In this section an extensive experimental study of the GGAP on artificial and
real world data sets is presented. These data sets have been carefully chosen in order to
represent a wide class of situations covering various dimensionalities of the
observations and smoothnesses of the underlying target functions.

Following the scenario of other experimental studies of RAN algorithms [18,
Section IV], [21, Section 3.1], [22], [24, Section IV], [26, Section 4], [27, Section III],
we normalize the attributes of the data sets into the range [0, 1] and the values of the
GGAP user-supplied parameters have been set using the guidelines in [18, Section IV]:

=1.15, ¢, =0.04, =0.999 and 4=0.1. In GGAP-GMM algorithm 0.03<7<0.1

gmax
is used, which is obtained empirically in Section IV.A. In Section IV.B the results from
a comparative study of GGAP-GMM (Section IIl) and the original GGAP [18] are

reported.

A. Empirical Setting the Range of GGAP - GMM Parameter n

In this section we describe how we found that the range 0.03<7<0.1 is
suitable for data sets having input attributes 0<X <1, k=1,2,.d and target
0<y<I.

We designed seven synthetic data sets A - G covering a wide class of situations
with different smoothnesses of the underlying target functions and different minimal
root mean square errors (MRMSEs) of the targets. In Appendix A a detailed
description of the data sets is given. In summary, they have the following
characteristics:

e Data set A has a smooth underlying target function and MRMSE = 0.0782.
e Data sets B - F have smooth underlying target function (which is the same as

those for A) and the following MRMSEs: 0.03, 0.05, 0.0782, 0.09, 0.11.

e Data set G has a highly variable underlying target function and MRMSE =

0.0711 (which is almost the same as those for A).



The data sets A - G comprise 15000 data points and have been divided randomly fifteen

times into N =5000 test points

train test

=10000 training points (xtnrai”,y;rai“) and N

(thest ’ y;est ) _
GGAP-GMM (Section III) was run on these data sets. The known analytical

expressions of the input densities p,(x) and pg (x) for the data sets (see Appendix A)
are exploited as f)(x) for GGAP-GMM (the best setting for the algorithm). The desired

approximation accuracy e_. was chosen to be equal to the MRMSE:s of the targets (the

min

best setting for the EKF estimators [34, Chapter 1]). The values of 7 have been varied

and the resulting test root mean square error (RMSE)

RMSE,, = \/ Z:j

trained network.

test
n

’ / N, 1s computed, where f(x;”) is the output of the

F) -y

The obtained results are presented in Tables 2 and 3. The first columns of the

tables comprise the names of the data sets and the parameters P(x), e, , 7 of

GGAP-GMM. In the last columns the means and standard deviation of the RMSE

fest 2
and the number of units for the trained networks over the fifteen replications of GGAP-
GMM are reported. The suitable values of 7 are indicated in bold in the tables. These
values result in a small number of units (low complexity of the trained network) and a
small differences e, —RMSE, (low prediction error of the network).

Table 2 comprises the results of a study aimed to find suitable values of 7 for
data sets A and G having almost the same MRMSEs and different smoothness of the
underlying target functions. Observing the lines in bold we conclude that the range
11 =0.05-0.1 is suitable for A (having a smooth underlying target function), while a
highly variable underlying target function of G needs smaller values for 7 (7 =0.03-

0.05).



TABLE 2. Test RMSEs and number of units for the trained networks on data sets A and
G having different smoothness of underlying target function using various values for 77.

Data Set Parameters of the RMSE[ Number of
GGAP-GMM algorithm est Units
(Section III)

p (x) e. = MRVSE | %7 | Mean | Std Mean Std

A 0.9 |0.1824 | 0.0117 | 1.6667 | 0.488
Pa (x) 0.0782 0.5 | 0.0947 | 0.0011 2 0.6547
(smooth underlying 0.2 | 0.0919 | 0.0018 5 0.7559

target function) 0.1 | 0.0888 | 0.0013 10.6 1.35

0.05 | 0.0873 | 0.0009 18.8 2.62

0.03 | 0.0885 | 0.0015 | 30.73 3.67

G 0.2 | 0.089 | 0.0019 | 4.6667 | 0.9795
P (x) 00711 0.1 | 0.0863 | 0.0011 | 7.7333 | 0.9612

(highly variable 0.05 | 0.0844 | 0.001 | 164 | 235
underlying target 0.03 | 0.0842 | 0.0011 | 28.6667 | 4.0999
function) 0.01 [ 0.0883 [ 0.0011 | 938 | 4.2122

Table 3 presents the results of a study the sensitivity of 7 to various MRMSEs.

Here we use data sets B — F, having smooth underlying target function (the same as
those for A) and different MRMSEs. In this experiment 77=0.1 is used, which has been
found to be suitable for A in previous study (see Table 2). The obtained results show

that by keeping 7=0.1 a similar number of units and low prediction errors

(e —RMSE

min test

) of the trained networks are obtained for B - F. This indicates that the

appropriate value of 7 is not sensitive to the MRMSEs and depends only on the

smoothness of the underlying target function.

TABLE 3. Test RMSEs and number of units for the trained networks on B - F having a
smooth underlying target function and different MRMSE:s.

Data Set Parameters of the GGAP-GMM RMSEI Number of Units
algorithm (Section III) est
f)(x) n e... = MRMSE Mean Std Mean Std
B 0.03 0.0432 | 0.0012 13.8 1.97
C 0.05 0.0608 | 0.0009 11.2 1.3202
D pA(X) 0.1 0.0782 0.0868 | 0.0019 9.7333 1.1629
E : 0.09 0.0983 | 0.0011 10.0667 1.3345
F 0.11 0.1163 0.001 9.6667 1.1127

B. Comparative Study of GGAP-GMM and GGAP Algorithm [8]

In this section the results from a comparative study of GGAP-GMM algorithm
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(Section IIT) and the original GGAP algorithm [18] using real world data sets’ are
reported. Table 4 shows the characteristics of the data sets: N denotes the available
- the number

number of observations, N, - the number of training observations, N

train test
of test observations and d - the number of attributes (dimension of the observations). In
the last column the target feature name is presented. As previously the available

observations have been divided randomly fifteen times into training and test

observations.
TABLE 4. Characteristics of data sets
Data Set Name N Ntrain Ntest d Target Feature
California Housing 20640 8000 12640 9 House price
Abalone 4177 3000 1177 8 Number of rings
Weather Ankara 1609 1100 509 10 Mean temperature
House-16H 22784 15000 7784 17 House price
Auto-mpg 398 320 78 8 Fuel consumption
(miles per gallon)

Table 5 summarizes the parameters of GGAP-GMM and GGAP [18] algorithms
and the results obtained over the fifteen replications of the algorithms. The values of the

parameters in Table 5 are set empirically by a trial and error procedure.

TABLE 5.Test RMSEs and number of units for trained networks on real-world data sets

. RMSE ., Numb.er of
Data set | Algorithm Parameters Units
Mean Std Mean Std
California |  GGAP ESS* _0 0001, *N —20640 | 0-1477 [ 0.0031 | 252 | 2.4832
Housing min : ’ pre-history
GGAP-GMM e . =0.1,7=0.1, N =100 | 0.1424 | 0.0027 18.8 3.3582
min ’ T pre—history
Abal GGAP ESi?]AP =000008, *N rehisory =4177 0.0910 | 0.0024 8.2 1.32
alone
GGAP-GMM | ¢ ' —008,7=0.1, N, =100 | 00850 | 0.0027 | 513 | 083
Ankara min : ’ pre—history
GGAP-GMM e. = 0.06,77=0.03, N — =100 0.0611 | 0.0075 52 1.8593
H106quIe- GGAP EmGGnAP =0.00008, *N _— =20784 0.0973 | 0.002 17.4 1.5024
re—history
GGAP-GMM | ¢ ' =0,00,7=0.09,N,, .., =100 | 00965 | 0.0026 | 10.4667 | 1.6591
Auto-mpg GGAP EgSAP =000007’ *N e istory =398 0.1162 | 0.0156 2.8 0.7746
GGAP-GMM | @ =0.11,7=0.06,N,,, .., =100 | 0-1167 | 0.0134 | 3.6 | 0.7368

*The original GGAP [18, Section IV] uses the available observations for fitting the.univariate densities of
the attributes. In the modified algorithm (Section III) the GMM f)(x)(6), having diagonal component

covariance matrices, is fitted by method [30] for 100 training points.

> http:/funapp.cs.bilkent.edu.tr/DataSets/
http://www.niaad.liacc.up.pt/~Itorgo/Regression/cal_housing.html
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Observing the results in Table 5 it is concluded that GGAP-GMM (Section III)

outperforms the original GGAP algorithm [18], achieving both lower RMSE,, and a

test

smaller number of units for most data sets.

VI. CONCLUSIONS

A modification of a recent growing and pruning learning algorithm GGAP [18]

for radial basis function (RBF) neural networks is proposed. GGAP states a formula for

computing the significance Eg, (j) (2) of the network units, which involves a d-fold
integration of an expression using the probability density function p(x) of the input
data x (xeRY). The computation of Esig(j) (2) is an open problem in GGAP

algorithms [18], [24] - [27]. In Section III a GMM approximation of E__ (]) is derived

sig

and a modified algorithm (named GGAP-GMM) is proposed which differs from the

original GGAP in the following important points:

1. GGAP-GMM models input density p(x) by GMM (6), which can represent

complex p(x) and overcomes the restrictions on the input density assumed in GGAP

algorithms [18], [24] - [27].

2. GGAP-GMM computes the significance threshold by the expression

EGGAP _

O = e, .. derived in Section II. This overcomes a confusing setting ES>"" =¢

used in GGAP algorithms [18], [24] - [27].

3. GGAP-GMM computes the network unit significance by direct matrix
calculations using a closed-form solution of the integrals (8). This increases the
accuracy and decreases the computational complexity of GGAP-GMM (Section III) in
comparison with the original GGAP.

The results of the experimental study (Section IV) show that GGAP-GMM
(Section III) outperforms the original GGAP [18] achieving both a lower prediction

error and the trained network with a reduced complexity (number of units).
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APPENDIX A

SYNTETIC DATA SETSA - G

These data sets cover a wide class of situations with different smoothness of the

underlying target function and different MRMSEs of the targets. We designed the data

sets using the following mean vectors and covariance matrices [35]:

i =[5.835, 8.525, 6.615, 7.065, 7.865,4.435)]

i =[5.980, 3.975, 9.020, 14.685, 10.640, 4.175]
0 _
i =[5.850,4.365, 6,340, 4675, 6260, 4440 ,

1.738 |
2471
0.254 3

[2.500 2.834 -0.665
4704 -0.629

sor_ 19000

-2.621
-2913
0.896
5.856

0.248
0.576
8.622
1357 12915
20.800 1 -0.622

1
I
_____________________________ L

3O —

[7.138

[6.117

1.192 2.726
2269 1.367
5.727

1.116
0.146
1.280
2.941

___________________________ S,

1.501
2.179
2.325
4.099

e e e e e e e e e oo = L____

0.6781 2.097 |
0.2011 -0.308
0.9331 2.107
19491 2.197
1577} 1229

1274 1 2.191]
1.080 1 1.784
1.017 1 1.030

2.019 1 1.803 |

1.872 1 2.081

| 3.806

Each of the sets A - G comprises 15000 data points (xn, yn) having attributes into

the range [0, 1].

1) Data set A having smooth underlying target function EA[y|x] (13) and

MRMSE=0.0782.

This data set is generated as follows. First points (X", %", %", %" &V, § )"

n=1,2,...15000 are drawn from GMM density

Pa(x,y) = z; ;N (x, yoi®, )3“))

for

(11)

with o, =, =0.3, &, =0.4 and m", X" (10). The values of X", %", £V " %" ¢

are normalized to the range [0, 1] resulting in points (x:, yf) drawn from the density

PA(X,Y) = z; aN (x, y; m(i),Z(i)) where

m® ={! (ﬁ‘l(i) _f((min)) paO & b O]

ﬁ — d|ag (Xl(max) _ )’zl(min) oy )~(§max) _ X;min) , y(max) _ y(min) )

13

S (min) [ gmin)  g(min) o(min) )"
K —(xl s Xs Y ) ,

(12)

(10)



& (min) G (max) o (min) o (max)
> Y

and X", X™, § are the minimal and maximal values of the original data

points. For p,(x,y) the conditional expectation and variance of the target y for given

input x are
EA[yIX]=(1/pa(x) X N<Xsmi”,2$3>[m§” +E(20) (X—mi”)} (13)
and
Var, (y10=(1/pu (%) X N om0 2 -2 (20) 20|, (14)

X XX 2

where m{’, m{” and X}, £{) are the marginal means and covariances of x, y; i) a
.. h . £ d d _\" N(x: (i) E(i)
vector comprising the cross-covariances of x and y, and p,(x) —Zi:lai (xm, xV).

The least RMSE estimator of y given x is E,[y|x] (13) resulting in

MRMSE, =\/ [| var,[y|x]p. (x)dx = \/Z?_lai [zgy) —x(z) zgﬂ , (15)

which is 0.0782 for the values defined in (10).

2) Data sets B - F having smooth underlying target function EA[y | x] (13) and the

following MRMSEs: 0.03, 0.05, 0.0782, 0.09, 0.11.

These data sets are modification of A. Here the target values §° = E, [yIx]+ v,
¥ =E,[y|x]+v, are computed using the underlying target function E,[y|x](13)
and adding zero mean Gaussian noise having different variances. The variances of v,

..., VI are set to values which imply MRMSEs 0.03, 0.05, 0.0782, 0.09, 0.11 for the

targets of B — F.
3) Data set G having highly variable underlying target function f; (x) (18) and
MRMSE=0.0711 (which is almost the same as those for A).

Here we draw vectors if ,N=1,2,...15000 from a nine component GMM density
be (x) =2 AN (@, 20), (16)

where ﬁl“),ﬁlf),ﬁl(” and X ¥®

X X xx 2 ®xx 0

Y% are the marginal means and covariance
. ~ (3+i) _ ~ (i SG+) ~ (6+) _ o~ (i S6+) (i
matrices of (10), mU" =m®" +3, L0V =30 @ =m+6, TV =30 for

14



1=123, and S =4,=0,=5=0,=5=0.1 and S, =p, =L, =0.133. Then, as
previously, the attributes of the vectors X° are normalized to the range [0, 1] resulting
in input vector x° having a density pg ()():Z:?:1 ﬂiN(x;mS(i),Efji)). Finally we
define a target
I = fe (x)+v, (17)
with a highly variable underlying target function
fo(x)=> (1) AN (x;mS?, 280 (18)
The variance of the zero mean Gaussian noise v, was set to a value which implies

MRMSE = 0.0711 (for normalized targets).
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