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Abstract

In this paper we seek a Gaussian mixture model (GMM) of an n-variate probability

density function. Usually the parameters of GMMs are determined in the original

n-dimensional space by optimizing a maximum likelihood (ML) criterion. A practical

deficiency of this method of fitting GMMs is its poor performance when dealing with

high-dimensional data since a large sample size is needed to match the accuracy that

is possible in low dimensions. We propose a method for fitting the GMM based on

the projection pursuit (PP) strategy. This GMM is highly constrained and hence its

ability to model structure in subspaces is enhanced, compared to a direct ML fitting

of a GMM in high dimensions. Our method is closely related to recently developed

independent factor analysis (IFA) mixture models. The comparisons with ML fitting

of GMM in n-dimensions and IFA mixtures show that the proposed method is an

attractive choice for fitting GMMs using small sizes of training sets.

Index Terms—Multivariate density estimation, Gaussian mixture models, Projection

pursuit, Radial basis functions, Latent variable models, Probabilistic principal com-

ponent analysis, Independent component analysis, Independent factor analysis, Blind

source separation, Small sample size.

1 Introduction

We consider the problem of modeling an n-variate probability density function p(x)

(x ∈ Rn) on the basis of a training set

X = {x1,x2, . . . ,xN} . (1)
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Here xi ∈ Rn ; i = 1, 2, . . . , N are data points drawn from that density. In this paper

we model the density by a projection pursuit (PP) method proposed in [11]. The

computational complexity of this method can be reduced by preliminary normaliza-

tion of the data, called sphering [11, Section 2], [29]. In the remainder of the paper,

all operations are performed on the sphered data. For the sphered X (1) the sample

covariance matrix becomes the identity matrix and the sample mean vector is a zero

vector. This implies that, for any directional vector a having unit length (aTa = 1)

the projections aTxi of the sphered xi have unit sample variance, which frees the

PP algorithm from having to standardize the density estimates during the numerical

optimization [11, Sections 2 and 5].

In this paper we seek a Gaussian mixture model (GMM) [22], [28] of p(x), which

is a linear combination of M Gaussian densities

p̂(x) =
M∑

j=1

ωjφΣj
(x− mj). (2)

Here, ωj are the mixing coefficients which are non-negative and sum to one, and

φ
Σj

(x − mj) denotes the N(mj ,Σj) density in the vector x.

The mixture model is widely applied due to its ease of interpretation by viewing

each fitted Gaussian component as a distinct cluster in the data. The clusters are

centered at the means mj and have geometric features (shape, volume, orientation)

determined by the covariances Σj.

The problem of determining the number M of the clusters (Gaussian components)

and the parameterization of Σj is known as model selection. Usually several models

are considered and an appropriate one is chosen using some criterion [7], [8], [9],[10],

[13]. The covariance matrices Σj are taken to be full (unrestricted), diagonal or

spherical in the conventional GMMs [6], [22], [23], [28]. Recently the eigenvalue

decomposition of Σj [9], [10] and the latent variable models [5], [7], [14], [16], [20],

[21], [27] have been exploited to extend the conventional GMM. In Sections 4 and

5 we study some of the latter models. Usually the parameters of the conventional

and latent GMMs are determined in the original n-dimensional space by optimizing
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a maximum likelihood (ML) criterion. This leads to a large number of adjusted

parameters and presents the risk of over-fitting for high-dimensional input space.

In this paper we propose a method for fitting GMMs based on projection pursuit

(PP) density estimation [11, Section 4], [12]. We use the directions generated by the

PP and then fit a mixture of univariate Gaussians onto the data. Thus we reduce the

number of adjustable parameters and the risk of over-fitting significantly.

The paper is organized as follows. Section 2 introduces the PP density estimation

[11], [12]. In Section 3 we present our method for fitting GMMs. Proof of an important

identity is given in Appendix B. The results of a comparative study of our method,

conventional GMMs and some latent variable models are discussed in Sections 4 and

5. The experimental results show that the proposed method is an attractive choice

for fitting GMMs using small sizes of training sets. In Section 5 the relation of our

method to the recently developed independent factor analysis IFA [5] is analyzed and

illustrated experimentally. Some preliminary results of our work were presented in

[4]. This paper contains a more thorough analysis and more complete results.

2 Projection Pursuit Density Estimation

Friedman, Stuetzle and Schroeder [12] proposed to estimate the density p(x) by mul-

tiplication of K univariate augmenting functions fk(.)

p̂(x) = φ(x)
K∏

k=1

fk(aT
k x), (3)

where φ(x) is an initial multivariate density estimate of p(x) and ak for k = 1, . . . ,K

are vectors specifying different directions in Rn. Usually φ(x) is taken to be N(0,1)

(the standard normal n-variate probability density function) for sphered X (1).

The computation of the direction vectors ak and the augmenting functions fk(.)

has been discussed by many authors [11], [12], [18], [19, Section 9].

In this paper we compute ak and fk(.) by the projection pursuit (PP) method of

Friedman [11, Section 4]. We choose a1, a2, ..., aK by solving a sequence of nonlinear
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programming (NP) problems

ak = arg ma
a
x
{
I(a|X(k))

}
for k = 1, 2, . . . ,K

subject to aTa = 1.
(4)

Here I(a|X(k)) is an objective function, named the PP index. It depends implicitly

on a specific data set, denoted by X(k) =
{
x(k)

1 ,x(k)
2 , . . . ,x(k)

N

}
. Here, x(k)

1 , x(k)
2 , ...,

x(k)
N are n-dimensional vectors. The data sets X(k), k = 1, 2, . . . ,K are constructed

in a sequential way, explained below. For solving the NP problems (4) we employ a

hybrid optimization strategy proposed in [11, Section 5] and extended in [26, Section

3].

The PP index I(a|X(k)) is defined in the following way. We project the data points

x(k)
i ∈ X(k) onto a (an arbitrary n-dimensional vector having unit length) and obtain

the projections y
(k)
i = aTx(k)

i . Then we approximate the density of these projections.

We denote the obtained approximation p̂
(k)
a (y). In principle any appropriate method

for univariate density estimation can be used for p̂
(k)
a (y). In [11] a J-term (4 ≥ J ≤

8) Legendre polynomial approximation is used (we set J = 6 in our experiments).

Obviously the shape of p̂
(k)
a (y) depends on the direction of a. Friedman [11] defined

the PP index as the L2 distance between p̂
(k)
a (y) and N(0,1). Thus the solution of the

NP problem (4) defines ak for k = 1, 2, . . . ,K which manifest nongaussian projected

densities p̂
(k)
ak (y) as much as possible. Note that the directions ak are not constrained

to be orthogonal.

The data sets X(1), X(2), ..., X(K) are computed by the following successive

transformations of the original training data set X (1). First we set X(1) = X and

compute a1 solving NP (4) for k = 1. Then we transform X(1) into X(2). We require

X(2) to have N(0, 1) onto a1 and the same data structure as X(1) into a (n − 1)-

dimensional subspace orthogonal to a1. By this means we eliminate the maximum

value of the PP index for X(2) at the point a1 (I(a1|X(2)) = 0). X(2) is computed by

a method called structure removal [11, Section 3]. We repeat this procedure K times.

In [11, Section 7], [12, Section 5], [26, Section 3]) different model selection procedures

for setting the number K have been proposed.
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Finally, the augmenting function fk(.) is

fk(y) =
p̂
(k)
ak (y)
φ(y)

, (5)

where φ(y) denotes N(0, 1) density in the variable y. The formula (5) is derived in

[11, Section 4]. For completeness we give this derivation in Appendix A of this paper.

Thus we perform density estimation by finding the most nongaussian projections

of the data. This is the same thing that is done in the recently developed independent

component analysis (ICA) [13, Section 14.6], [14], [15, Section 8.5]. The relation to

ICA is discussed in Section 5.

The PP density estimation method [11, Section 4] has been shown to possess ex-

cellent properties in simulations having n = 2−5 [18]. The computational complexity

of the numerical (Monte-Carlo) evaluation of the integrated squared error (ISE) was

the principal difficulty in running simulations for n > 5.

In the next section we show that the PP density estimation implies a GMM model

for a specific setting of the augmenting functions (5). We employed the latter result for

a closed-form solution of the ISE (Appendix C), which allowed us to run simulations

for n = 15 (Section 4 and 5), which was impossible using the Monte Carlo evaluation

used previously [12], [18].

Moreover our proposal allows the use of PP density estimation in important ap-

plications which currently employ GMMs, for example blind source separation (BSS)

[5], the initialization of radial basis function networks [6] and other applications.

3 GMM Expansion of the PP Density Estima-

tion

We propose to model p̂
(k)
ak (y) in (5) by a mixture of univariate Gaussians

p̂(k)
ak

(y) =
Mk∑
i=1

ωkiφσki
(y − µki). (6)
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Here φσki
(y−µki) denotes N(µki, σki) density in the variable y and ωki are the mixing

coefficients for i = 1, 2, . . . Mk. After manipulations of (5) using (6) fk(y) takes the

form of a Gaussian radial basis function (RBF) expansion [6, Section 5]

fk(y) =
Mk∑
i=1

ω̃kiφσ̃ki
(y − µ̃ki), (7)

with

ω̃ki = ωki

√
2π

1 − σki
2
exp

(
µki

2

2(1 − σki
2)

)
, (8)

µ̃ki =
µki

1 − σki
2
, σ̃ki =

σki√
1 − σki

2
. (9)

Note that σki
2 must be constrained to be σki

2 < 1. The preliminary sphering of the

data X (1) implies σki
2 < 1 in most situations. In some special cases (long tails

of p̂
(k)
ak (y)) a correction (enlarging the number Mk of the Gaussian components) is

needed.

The formulas (8) and (9) for the computation of the RBF parameters ω̃ki µ̃ki

and σ̃ki are for the specific augmenting functions fk(.) (5) proposed in [11, Section

4]. In Section 2 we mentioned that other methods [11], [12], [18], [19, Section 9] for

computation of fk(.) exist. For these fk(.) the values of ω̃ki, µ̃ki and σ̃ki in (7) can

be computed by a method for RBF function approximation [6, Section 5].

Substituting (7) into (3), we have

p̂(x) = φ(x)
K∏

k=1

⎡
⎣Mk∑

i=1

ω̃kiφσ̃ki
(aT

k x− µ̃ki)

⎤
⎦ . (10)

Finally, we employ the identity

φ
Σ
(x − m)φσ(aTx − µ) = αφ

Σ̃
(x− m̃), (11)

with x, m, a ∈ Rn; aTa = 1 and

α =
| Σ̃ |

1
2

√
2πσ| Σ | 12

exp{ µ2

2σ2
(

1
σ2

aT Σ̃a−1)+
1
2
mT (Σ−1Σ̃Σ−1−Σ−1)m+

µ

σ2
aT Σ̃Σ−1m},

(12)
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Σ̃ = Σ −
1
σ2 ΣaaTΣ

1 + 1
σ2 aTΣa

, m̃ = Σ̃Σ−1m +
µ

σ2
Σ̃a. (13)

The proof of formulas (11) - (13) is in Appendix B.

The identity (11) shows that the multiplication of any n-variate normal density

φ
Σ
(x− m) by any univariate normal density φσ(aTx− µ) along a directional vector

a ∈ Rn implies an n-variate normal density φ
Σ̃
(x− m̃) scaled by a constant α. After

an iterative application of the identity (11) into (10), PP approximation (3) becomes

the form of a GMM

p̂(x) =
M̃∑

j=1

ω̃jφΣ̃j
(x − m̃j), (14)

having M̃ =
∏K

k=1 Mk Gaussian components. We name (14) the GMM expansion

of the PP density estimation (3). Here ω̃j , Σ̃j and m̃j denote the parameter values

implied by the iterative application of (11) - (13) into (10). The GMM expansion (14)

can be simplified, i.e. the number M̃ of the Gaussian components can be reduced by

an iterative pairwise replacement algorithm (IPRA) proposed in [25]. IPRA refits the

parameters of the mixture density locally, thus making it possible to simplify (14) by

iteratively collapsing pairs of similar components.

For this scenario we must set the parameters Mk, ωkj, µkj and σkj of the univariate

mixture densities p̂
(k)
ak (y) (6) for k = 1, . . . ,K. Any method for univariate GMM

density estimation can be used for this purpose. In our experiments (Sections 4 and

5) we computed the values of ωkj, µkj and σkj by an expectation-maximization (EM)

algorithm [23, Section 3] and selected Mk by the Bayesian information criterion (BIC)

[9], [10]. In summary, first we project the data points x(k)
i ∈ X(k), i = 1, 2, . . . , N

onto ak. We denote the projections yi = ak
Tx(k)

i . Then for Mk = 1, 2, . . . ,Mmax

we fit p̂
(k)
ak (y) to the data points yi, i = 1, 2, . . . , N by the ML technique [23, Section

3]. The maximal number Mmax of the components of p̂
(k)
ak (y) is set by the user (we

set Mmax = 10 in our experiments, Sections 4 and 5). For each Mk we compute

the value of the likelihood function LMk
(LMk

=
∏N

i=1p̂
(k)
ak (yi)) at the maximized

values of the parameters ωkj, µkj and σkj. Then we compute the values BICMk
=

2logLMk
− (3Mk − 1)log(N) [9], [10] and plot them for Mk = 1, 2, . . . ,Mmax. Finally,
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following [9], [10] we select the model having the number Mk which gives rise to a

decisive first local maximum of the BIC values.

4 Simulation Studies

In this section we compare the performance of the conventional GMMs [6], the mix-

ture of probabilistic principal component analyzers (PPCAs) [27, Section 6] and our

PP method (Section 3). The PPCA allows controlling the restriction level of the

covariance matrices Σj from a simple diagonal matrix (using latent factor q = 1)

to full unrestricted covariances (for q = n − 1). We fitted the conventional GMMs

and the mixture of PPCAs by the EM algorithm using the NETLAB procedures [23,

Sections 3 and 7].

We draw the training samples from a 15-dimensional density

p
JK

(x1, x2, . . . , x15) = [
3∑

j=1

αjgJj
(x1, x2)gKj

(x3, x4)]
15∏

k=5

φσk
(xk). (15)

Here we set σk = 1 for φσk
(xk) (N(0, σk) density in the variable xk) and α1 = α2 = 9

20

and α3 = 1
10 . In (15) g

Jj
, g

Kj
for j = 1, 2, 3 denote bivariate normal densities, having

parameters listed in Table 1. For easy of presentation, Table 1 uses the bivariate nor-

mal notations N(µ1, µ2;σ2
1 , σ

2
2 , ρ), where the marginal means and variances are µi and

σ2
i for i = 1, 2 and the correlation coefficient is ρ. Figure 1 shows contour plots of the

marginal densities of p
JK

(x1, x2, . . . , x15) (15). The structure of p
JK

(x1, x2, . . . , x15)

lies in the first four variables x1, x2, x3, x4. The remaining variables x5, x6, . . . , x15

only add noise (independent variables having N(0, σk) densities). The density (15)

has been carefully chosen because it combines the benchmarks widely used for com-

parison density estimation methods [10], [24], [30], [31].

We expect that our method will perform better than conventional methods for

small sizes of the training samples. In order to check this we studied the influence

of the training sample size on the performance for N = 200, 300, 400, 500, 600, 700,

800, 1300, 1800, 2300, 2800, 3300. We evaluated the performance by percentage of
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Table 1: Parameters for 6 Example Bivariate Normal Densities from [30]

J-density g
J1

(x, y) g
J2

(x, y) g
J3

(x, y)

parameters N(−6
5
, 0; (3

5
)2, (3

5
)2, 7

10
) N(6

5
, 0; (3

5
)2, (3

5
)2, 7

10
) N(0, 0; (3

5
)2, (3

5
)2,− 7

10
)

K-density g
K1

(x, y) g
K2

(x, y) g
K3

(x, y)

parameters N(−1, 0; (3
5
)2, ( 7

10
)2, 3

5
) N(1, 2

√
3

3
; (3

5
)2, ( 7

10
)2, 0) N(1,−2

√
3

3
; (3

5
)2, ( 7

10
)2, 0)

−3 −2 −1 0 1 2 3
−3

−2

−1

0

1

2

3

(a)

−3 −2 −1 0 1 2 3
−3

−2

−1

0

1

2

3

(b)
−3 −2 −1 0 1 2 3

−3

−2

−1

0

1

2

3

(c)

Figure 1: Contour plots of the marginal densities. (a) p
J
(x1, x2) =

∑3
j=1αjgJj

(x1, x2). (b)

p
K
(x3, x4) =

∑3
j=1αjgKj

(x3, x4). (c) φ(x5)φ(x6) There are 250 data points superimposed

on the contours to show the locations of the training points drawn from these densities.

9



variance explained (PVE) [12, Section 7], which is a normalized version of the ISE (see

Appendix C). We employed the result of Section 3, that the PP density estimation

implies a GMM model for a specific setting of the augmenting functions, for simple

exact computation of the PVE in our simulations. The exact calculation of the PVE

(Appendix C) is carried out by direct matrix computations.

An experiment for a given size of the training sample consisted of 30 random

replications of the following procedure. We drew a training sample of size N from

p
JK

(x1, x2, . . . , x15) (15). Then we normalized (sphered [11]) the data and rotated

the coordinate system randomly. Using this data we fitted the GMMs for predefined

values of the number M of the mixture components of the GMM (2), the number

q of the latent factors of the mixture of the PPCAs [27, Section 6] and the number

K of the augmenting functions of the PP density estimation (3). We set only four

variations of the number K (K = 1, 2, 3, 4) for our method, while to the other meth-

ods we gave an advantage with respect to the number of the parameter settings - 13

settings for GMMs with diagonal covariance matrices (M = 3, 4, . . . , 15), 29 settings

for GMMs with spherical covariance matrices (M = 3, 4, . . . , 31) and 48 settings for

the mixture of the PPCAs (q = 1, 2, . . . , 12, M = 3, 4, 5, 6). We set M = 3 for the

GMM with full covariance matrices, which is the best choice for the data drawn from

(15). Methodologically the scenario of our experiments is the same as the experimen-

tal setup of previous studies of the projection pursuit density estimation [12], [18].

We employ the knowledge of the true (underlying) density (15) in the simulations

and compute PVE (Appendix C) for the compared methods varying the parameter

settings of the models. In the diagrams (Figure 2), we report the largest PVE for

each method among the parameter variations. Thus we compare the performance of

the compared methods for the best setting of their parameters. It is interesting to

study the performance of the model selection methods (the methods for estimating

the values of the parameters M , q and K from the training data). Such methods are

explained in [7], [8], [9], [10], [11], [12], [13], [26]). The latter is somewhat beyond the

scope of the present paper and is the object of our current research.

In Figure 2 we show the training sample size versus the mean of the PVE values
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Figure 2: Estimation of p
JK

(x1, x2, . . . , x15) (15) having noise level σk = 1 .

computed in the 30 random replications. The solid path with stars (�) represents

the PVE for our PP method, the solid path with circles (◦) - the PVE of the GMMs

with full covariance matrices, the dashed path (−.−) - the PVE of the GMMs with

diagonal covariance matrices, the dotted path (. . .) - the PVE of the GMMs with

spherical covariance matrices and the dashed path (−−) - the PVE of the mixture of

PPCAs. The bars represent the standard deviations of the PVE values. In order to

simplify the graphical presentation we show the bars for our method (�), GMMs with

full (◦) and diagonal (−.−) covariance matrices only. The standard deviations of the

other methods were almost equal to those of the GMMs with diagonal covariance

matrices.

We observe that our method (�) outperforms the other methods for N = 200 −
1300. We succeeded in explaining 50-85% of the variance, while the other methods

explain 0-70% for N = 200−1300. The standard deviations (the bars) of our method

are smaller (for almost all N) than those of the other methods. This fact indicates

that our PP method is less sensitive to training data variability.
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Figure 3: Ratio training sample size (N) to the number of the adjustable parameters in the
estimation of p

JK
(x1, x2, . . . , x15) (15).

The GMM with full covariance matrices (◦) has the largest PVE value for suffi-

ciently large sample sizes: N ≥ 1800. The latter is a quite obvious result because of

the exact modeling of the underlying density (15) by the GMM with full covariance

matrices. Finally, the mixture of the PPCAs (−−) compromises between the best

results of the standard GMMs.

In Appendix D we give the expressions for the number of the adjustable parameters

of the GMMs. In Figure 3 we present the ratio of the training sample size to the

mean of these numbers. Observing Figure 3 we conclude that our method explores

relative few adjustable parameters, which is the reason for the better performance.

5 Relation to Independent Factor Analysis

Independent factor analysis (IFA) [5] was originally developed as a solution to blind

source separation (BSS). It can be recast as data density modeling, which is explained

below.
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The IFA model is

x = Hy + u. (16)

Here x is an observed n-dimensional data vector, y = (y1, y2, . . . , yK
)T , (K ≤ n) are

the unobserved (latent) mutually statistically independent variables, which are mixed

by (n×K)-matrix H. The resulting mixtures are corrupted by an n-dimensional noise

signal u having Gaussian density p(u) = φ
Λ
(u) with zero mean and unrestricted

covariance matrix Λ. The densities of yk for k = 1, . . . ,K are approximated by

univariate GMMs

p̂(yk) =
Mk∑
i=1

ωkiφσkj
(yk − µki). (17)

Hence we have

p̂(y) =
K∏

k=1

p̂(yk) =
M̃∑

j=1

ω̃jφVyj
(x − m̃yj), M̃ =

K∏
k=1

Mk. (18)

Here ω̃, Vyj , m̃yj denote the parameters obtained after multiplication of p̂(yk) (17)

for k = 1, . . . ,K. In this scenario the model of the density of the observations is [5,

Section 2.2]

p̂(x) =
M̃∑

j=1

ω̃jφ
HVyjH

T +Λ
(x − Hm̃yj). (19)

In [5, Section 3.2] an EM algorithm is developed for ML fitting the parameters ωki,

σki, µki of p̂(yk) (17), H and Λ to the training data (1). We must note the close

relation of the IFA and the independent component analysis (ICA) methods [7], [20],

[21].

The IFA, at least in this explanation is very close to our PP method:

(i) Comparing (19) and (14) we conclude that IFA and our method (Section 3) fit

the same GMM to the training data (1).

(ii) Taking into account the ICA principle ”nongaussian is independent” [13,

Chapter 14.6], [15, Chapter 8] we conclude that the univariate GMMs of IFA (17)

and our method (6) have the same nature.

(iii) During the EM iterations of the IFA the variances of the latent variables are

constrained to V ar{yi} = 1 [5, Section 3.2], which relates to the preliminary sphering
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of the training data in the projection pursuit method [11, Section 2].

The IFA and our method differ in the strategy of the fitting the GMM to the

data.

The IFA optimizes an ML criterion on the (n × K)-mixing matrix H, (n × n)-

unrestricted covariance matrix Λ and the parameters ωki, σki, µki for i = 1, 2, . . . ,Mk, k =

1, 2, . . . ,K simultaneously [5, Section 3.2]. This simultaneous optimization causes the

EM algorithm to become intractable [5, Section 6] for large M̃ =
∏K

k=1 Mk. In order

to make the algorithm practical (for large M̃) some approximations are proposed [5,

Section 6]. Moreover the selection of the values of K and Mk, k = 1, 2, . . . ,K for IFA

is a difficult problem and it is in active research [7].

Our method is based on a recursive approach [11], [17, Section 7]. We compute

vector a1 defining the most nongaussian direction, remove the nongaussian structure

and iterate the computations of a2, . . . ,aK
. For this purpose we optimize the PP

index on n-components of ak (4). Then we select Mk using a standard model selection

procedure for univariate GMM. Our method seems to be an attractive choice for large

n. In some cases [17, Section 7] the recursive approach may miss structure that a

direct K-dimensional search would find easily.

Here we present the result of a comparison of the IFA and our method. We used

the same scenario as in Section 4. In order not to favor our method we set a low

level of the noise σk = 0.1 for the underlying density (15). We ran the IFA using 300

iterations of the EM algorithm. Fig. 4 shows the obtained result. The solid path

with stars (�) shows the PVE values for our methods. IFA was studied for different

methods for initialization of the EM algorithm. The dotted path (. . .) represents the

PVE values for random initialization [5, Section 7], the solid path with circles (◦) -

initialization with our PP final solution, and the dashed path (−−) - initialization

with the solution of the coarse search of the PP hybrid optimization strategy [11,

Section 5]. In the latter two initializations the starting matrix H was set to be the

pseudo-inverse of the matrix composed by the PP directional vectors into original

observation space (before sphering). The starting Λ was set to be a diagonal matrix.

In Fig. 4 we observe the convergence of the paths with (�) and (◦). The latter
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Figure 4: Estimation of p
JK

(x1, x2, . . . , x15) (15) having noise level σk = 0.1.

is not surprising. The goal of our method and the IFA is the fitting the same GMM

(14) and (19) to the training data.

We observed small standard deviations for the dotted path (. . .) in Fig. 4. This

means that different random initializations generally lead to the same solution. The

latter observation is consistent with the result in [7, Section 6.1].

We must note that the initialization of the IFA and ICA is an open problem [7,

Section 6.1], which is an area of active research. Based on the result obtained here it

seems that a study of our method as the initializer of the EM algorithms of the IFA

and ICA would be of interest.

6 Conclusion

We have proposed a method for fitting a Gaussian mixture model (GMM) based on

the projection pursuit (PP) strategy proposed by Friedman, Stuetzle and Schroeder

[11], [12]. In Section 3 we showed that the PP density estimation implies a GMM

15



model for a specific setting of the augmenting functions. The derived formulas (11)-

(13) allow us to set the parameters of the GMM implied by the PP estimation. We

employed the latter result for simple exact computation of the PVE performance in

our simulations. The exact calculation of the PVE (Appendix C) is carried out by

direct matrix computations instead of a complicated Monte-Carlo evaluation of the

n-fold integrals of the PVE provided in [12], [18] for PP density estimation. The

exact calculation of the PVE allowed us to study the performance of the PP density

estimation in 15-dimensional input space, which was not possible previously because

of the high computational complexity of the numerical evaluation of the PVE.

The simulation results (Section 4) show that for small sizes of the training sets,

the PP strategy outperforms the GMM fitting based on the maximum likelihood (ML)

criterion in the original high-dimensional input space.

In Section 5 we discussed the relationship between our method and the recently

developed independent factor analysis (IFA) [5]. We concluded that a combination of

our method and the IFA could be useful for the applications.

In our previous works we employed the PP strategy successfully in discriminant

analysis [1], [2] and for training neural networks for classification [3]. In this paper

we showed that the PP strategy is an attractive choice for fitting GMMs using small

sizes of training sets. Consequently PP density estimation may be used in important

applications which currently employ GMMs, for example the blind source separa-

tion (BSS) [5], initialization of radial basis function (RBF) networks [6] and other

applications.
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A Derivation of the Formula (5)

Following Friedman [11, Section 4] we derive the formula (5) in its abstract version.

That is, we imagine that the projection pursuit (PP) operates on the n-dimensional

continuous probability density functions p1(x), p2(x), . . ., pK(x). The first density

p1(x) denotes the standardized underlying density p(x) (p1(x) = p(x) for p(x) having

zero mean vector and identity covariance matrix [11, Section 2]). The densities p2(x),

. . ., pK(x) are the PP transformations of p(x).

PP consists of finding directional vector a1 having the least normal univariate

density p
(1)
a1 (a1

Tx) under the joint density p1(x). Then the density p1(x) is trans-

formed to p2(x) having standard normal density along a1 and unchanged conditional

density given a1
Tx

p1(.|a1
T x) = p2(.|a1

Tx)1. (20)

Thus

p2(x) = p1(x)
φ(a1

Tx)

p
(1)
a1 (a1

Tx)
, (21)

with φ(a1
Tx) univariate standard normal density. The PP procedure is then repeated

on the density p2(x), obtaining the second least normal solution a2
Tx. The density

is again modified,

p3(x) = p2(x)
φ(a2

Tx)

p
(2)
a2 (a2

Tx)
. (22)

Here p
(2)
a2 (a2

Tx) is the univariate marginal density of a2
Tx under the joint density

p2(x).

At the Kth iteration we have

pK(x) = p1(x)
K∏

k=1

φ(ak
Tx)

p
(k)
ak (ak

Tx)
, (23)

where p
(k)
ak (ak

Tx) is the marginal density of ak
Tx under the joint density pk(x), with

p1(x) = p(x).

At some point in the iterative process the PP procedure cannot find a direction

1p1(.|a1
Tx) ≈ p2(.|a1

T x) for the structure removal transformation [11, Section 3] used in this paper.

17



having a marginal density substantially different from normality. This indicates that

pK(x) is approximately n-variate standard normal density (pK(x) ≈ φ(x)). After ma-

nipulation of (23) using pK(x) ≈ φ(x) and p1(x) = p(x) we obtain the approximation

of p(x) in the form

p̂(x) = φ(x)
K∏

k=1

fk(aT
k x), (24)

fk(aT
k x) =

p
(k)
ak (ak

Tx)
φ(ak

Tx)
. (25)

Finally the formula (5) is obtained from (25) by changing p
(k)
ak (ak

Tx) to its approxi-

mation p̂
(k)
ak (ak

Tx).

18



B Proof of the Identity (11)

According to the expressions of N(m,Σ) and N(µ, σ) we have for the left-hand part

of the equality (11)

φΣ(x − m)φσ(aTx − µ) =
1√

2π(2π)
n
2 | Σ | 12 σ

e−
1
2
γ (26)

with

γ =
(aT x− µ)2

σ2
+ (x− m)T Σ−1(x− m). (27)

First note that for aTa = 1 we have

γ = (x− aµ)T
aaT

σ2
(x− aµ) + (x − m)T Σ−1(x − m). (28)

Then we seek for n×n - matrices A and B, and a scalar γ∗ that imply γ (28) in the

form

γ = (x − m̃)T Σ̃−1(x− m̃) − γ∗ (29)

for

m̃ = Am + Baµ, (30)

Σ̃ = [
aaT

σ2
+ Σ−1]−1. (31)

Combining (28) and (29), (30), (31) we have

γ∗ =
µ2

σ2
[
1
σ2

aT Σ̃a − 1] + mT [Σ−1Σ̃Σ−1 −Σ−1]m +
2µ
σ2

aT Σ̃Σ−1m, (32)

A = Σ̃Σ−1, B =
1
σ2

Σ̃aaT . (33)

Then substituting γ (29) into the right-hand part of (26) and using γ∗ (32) we obtain

the identity (11) for α (12). Next, substituting A and B (33) into (30) we have m̃

(13). Finally, applying the Sherman-Morisson formula [32, page 325] on the right-

hand part of (31) we obtain Σ̃ (13).
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C Percentage of Variance Explained (PVE)

In Sections 4 and 5 we evaluated the performance of the GMMs by a performance

criterion named the percentage of variance explained (PVE) [12, Section 7]

PV E = 100(1 − ISE

var
), (34)

where ISE is the integrated squared error of the GMM p̂(x)

ISE =
∫

Rn
(p̂(x) − p(x))2dx (35)

and var is a normalization

var =
∫

E
(p(x) − 1

vol(E)
)2dx. (36)

Here p(x) is the true underlying density and vol(E) denotes the volume of a region

E in space containing most of the mass of p(x).

The PVE of the GMM (2) can be calculated exactly by direct matrix calculations

when the underlying density is a normal mixture

p(x) =
M∗∑
j=1

ω∗
j φΣ∗

j
(x − m∗

j). (37)

First observe that

ISE =
∫

Rn
p̂(x)2dx − 2

∫
Rn

p̂(x)p(x)dx +
∫

Rn
p(x)2dx (38)

and

var ≈
∫

Rn
p(x)2dx − 1

vol(E)
. (39)

From this we see that an explicit representation of PVE (34) requires a closed-

form solution of the above n-fold integrals. We perform the required calculations

for
∫
Rn p̂(x)p(x)dx; the others can be performed analogously. Replacing p̂(x) and
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p(x) by the normal mixtures (2) and (37) we have

∫
Rn

p̂(x)p(x)dx =
M∑

k=1

M∗∑
j=1

ωkω
∗
j

∫
Rn

φ
Σk

(x − mk)φΣ∗
j
(x − m∗

j)dx. (40)

The above integrals have a closed-form solution [31, page 101]

∫
Rn

φ
Σk

(x − mk)φΣ∗
j
(x− m∗

j )dx = φ
Σk+Σ∗

j
(mk − m∗

j ). (41)

This leads to a solution by direct matrix calculations

∫
Rn

p̂(x)p(x)dx = wTΩaw∗, (42)

where w = (ω1, ω2, . . . , ωM )T , w∗ = (ω∗
1, ω

∗
2 , . . . , ω

∗
M∗)T and Ωa denotes an (M×M∗)-

matrix with (k, j) entry equal to φ
Σk+Σ∗

j
(mk − m∗

j).

The other integrals can be handled in the same way to obtain

∫
Rn

p(x)2dx = w∗TΩ∗w∗ (43)

∫
Rn

p̂(x)2dx = wTΩw, (44)

where Ω∗ is an (M∗×M∗)-matrix with (k, j) entry equal to φ
Σ∗

k
+Σ∗

j
(m∗

k −m∗
j) and Ω

is an (M×M)-matrix with entry φ
Σk+Σj

(mk − mj).

Finally we obtain the formulas for the exact calculation

ISE = wTΩw − 2wT Ωaw∗ + w∗T Ω∗w∗ (45)

var ≈ w∗TΩ∗w∗ − 1
vol(E)

. (46)

In our simulations (Sections 4 and 5) we set E = {(−5 < xi < 5), i = 1, 2, . . . 15}
and employed (45) and (46) for the underlying density (15).
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D Number of the adjustable parameters of the

GMMs

The numbers N{.} of the adjustable parameters of GMM (2) is:

N{full} = Mn(n + 3)/2 + M − 1 for GMM with full covariance matrices;

N{diag} = M(2n + 1) − 1 for GMM with diagonal covariance matrices;

N{sphered} = M(n + 2) − 1 for GMM with spherical covariance matrices;

N{PPCA} = M [nq + 1 − q(q − 1)/2] + M − 1 for the mixture of PPCAs [27];

N{PP} = nK +
∑K

k=1(3Mk − 1) for the projection pursuit fitting of the GMM

(Section 3 ).
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