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Abstract

We present an application of our method for
discriminant analysis [3] to the diagnosis of the
neurological diseases haemorrhages and infarction due to
ischaemia. The method searches for the discriminant
directions which maximize the Patrick-Fisher (PF) distance
between the projected class-conditional densities. It is a
nonparametric method, in the sense that the densities are
estimated from the data. Since the PF distance is a highly
nonlinear function, we use a recursive optimization
procedure for searching the directions corresponding to
several large local maxima of the PF distance. The
application to the medical dataset indicates the potential of
our method for finding a sequence of directions with
significant class separation.

1. Introduction

We discuss discriminant analysis of two classes
which is carried out by the linear mapping t=rTx, xe R7,
teR!, n 2 2, with x an arbitrary n-dimensional
observation, and r a direction vector (having unit length).
The vector r maximizes the Patrick-Fisher (PF) distance
(3,51, which unfortunately is not an unimodal function
with respect to r and has more than one maximum. In
most applications the optimal solution, called the PF
discriminant vector, is searched for along the gradient of
the PF distance, hoping that with a good starting point the
procedure will converge to the global maximum or at least
10 a practical one. We use an extended Fisher (ExF)
discriminant analysis [1,2] for choosing the starting point
for the optimization procedure. Since the observed
maximum of the PF distance can be merely a local
maximum we apply a recursive procedure for searching
several large local maxima of the PF distance.

In Section 2 we describe a normalization of the data
which is required by the recursive procedure. Sections 3
presents the PF distance and the ExF criterion and the
computation of the discriminant vectors related to them.
The recursive procedure for optimization of PF distance is
presented in'Section 4. Section § includes the results and
analyses of the application to medical datasets, which is
the original contribution of this work. '

2, Normalized data
Suppose we are given a set of Ny design (training)
observations (z1,l1), (z2.12)...., (zng.Ing) in n-

dimensional sample space zjeR", (n22) , j=12....Ng.

We discuss the two-class problem and the label
li€ {w),w2} shows that z; belongs to one of the classes
®] or @2. These labels imply a decomposition of the
design set Zg={(z].z2.....Zn4) into two subsets
corresponding to the unique classes. Let the decomposition
be Zg=2Z41\wZ42, where the subset Zg; containes Ng;
observations properly associated with the class labeled by
w; for i=1,2. We perform an eigenvalue-eigenvector
decomposition S;=RDRT of the pooled sample covariance
matrix S; with R and D nxn matrices; R is orthonormal
and D a diagonal. We then define the normalization matrix
A=D"1ZRT, In the remainder of the paper, all operations
are performed on the normalized design samples Xgi=(x:
x=A(z-mz), z€ Z4;} with m; the mean vector of the
design sample Zy. The pooled sample covariance matrix
estimated over the normalized sample {X4juX42}
becomes the identity matrix ASzAT=I.

3. Discriminant criteria
The Patrick-Fisher (PF) distance ([5], pp.277-280) is:
+= Ndi. Nd2 -
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with p (flw;) the Parzen estimators with Gaussian

kernels of the class-conditional densities of the projections
g=rTx of the observations x of the normalized data. The
PF discriminant vector maximizes Gpg(r,h) for the fixed
value of the smoothing parameter h (standard deviation of
the Gaussian kernel). From experience, a suitable value is
h=0.1. We carry out the optimization with respect to r by
a sequential quadratic programming method available as a
routine EO4UCF in the NAG Mathematical Library, The
primary goal is to find the global maximum of Gpg(r,h).
By a naive use of the optimization algorithm, the
computed value for the observed max{Gpg(r,h)} can be
merely a local maximum. The solution depends strongly
on the starting point (vector) of the local optimizer. On
the other hand, in some data structures more than one
direction with significant (interesting) class separations
exist. We use an extended Fisher discriminant vector as a
starting point because of its adaptation to the data structure
under variations of a control parameter (see the following
text). In order to search for several large local maxima we
apply a procedure for recursive optimization of Gpg(r.,h)
(Section 4). ’

The ExF discriminant vector maximizes the extended
Fisher discriminant criterion proposed by us {1,2]:
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with r direction vector, B (0sB<1) control parameter;
B=(m]-m7)(m1-m2)T the sample between-class scatter
matrix with m; the class-conditional sample mean vectors;
§9=8,-S2 or §2-S) with S§; the class-conditional
sample covariance matrices for i=1,2; Sy the pooled
within-class sample covariance matrix. All matrices are
computed for the sphered design samples X i=12. In (2)
the symbol ¢ implies two forms of the criterion G(r.B).
The ExF discriminant vector rg, which maximizes G(r,8),
is the eigenvector corresponding to the largest eigenvalue
of the matrices Sw![(1-B)B+B(S1-S2)] and Sy-1[(1-
B)B+B(S2-S1)). An appropriate value of the control
parameter B is not known in advance. We choose the value
of B that maximize the PF distance along rg. For this
purpose’ we choose a grid of values in the interval
(0<B<1), calculate the PF distance at each value and then
choose the value with the largest PF distance as the value
of B. From experience, a suitable size of optimization grid
is 21values (uniform grid with step 0.05).

4. Recursive optimization of the PF
distance

In our previous work [3] we proposed a recursive
procedure for optimization of the PF distance. The idea is
to obtain a PF discriminant vector and then to transform
the data along it into data with greater class overlap and to
iterate for obtaining the next PF discriminant vector, A
short description of the data transformation which increases
the class overlap followes. Assume that U is an
orthonormal nxn matrix with the PF discriminant vector r
as the first row. Then applying the linear transformation
t=Ux results in a rotation such that the new first
coordinate is Ty=rTx. We denote other coordinates as
T2,%3s-Tn (t=[71,72....,Tn]"). Let pr(r1lay), i=1,2 be
the class-conditional densities along r and Mrko;» Oric;2
their means and variances. We require a transformation that
takes the class-conditional densities along r 10 normal
densities, but leaves all other coordinates 12,13,...,Tn
unchanged. Let q be a vector function with components
41,92,-...qn that carries out this transformation: 11'=q1(t1)
takes p,-(tl'lmﬂ:N(mrBla,i-Ami,crﬁm,iziAcz) for i=1,2

with A2, Am1, Am; user-supplied parameters and
i=Gi(7}), i=2,3,...,n each given by identity transformation.
The function q; -is obtained ‘by the percentile
transformation method [3]). Finally, we define the
transformed data x'=U7q(Ux).

We make trials while progressively increasing the
values of Aa2 in the interval (0<AG2<1). In order to
preserve the normalization of the data we compute Amj
and Am; using the properties of the normalized data (zero
unconditional mean and unconditional variance equal to
one). Starting from Ag2=0 (and Am;=0, i=1,2) we make

minimal changes of the data in the sense of the minimal
relative entropy distance measure between the original and
transformed class-conditional distributions [4]. Using
o,-plwiziAcﬂ:l (and myyi;-Am;=0, i=1,2) we totally
remove the classification structure along r
(pr(t1'l01)=pr(1'lw2)). This causes (usually) a larger
change of the class-conditional distributions of x".

We have proposed (see [3]) the following computation
procedure of the sequence of PF discriminant vectors:
Initialization: X;=Xy, Xo =Xy .

Step 1: Reduction of class separation

1.1. Using the sample set {X;u.X;}, compute the ExF
vector with the largest PF distance (Section 3).

1.2. Starting from the ExF vector, search for a
convergence point by using a local maximizer (NAG
routine EO4UCF) of PF distance. The direction vector after
convergence of the maximizer is a current PF vector. Save
it.

1.3. Reduce the class separation along the PF vector
and obtin a new set {X;'UXy'). Assign the new set to be
the current sample set, i.e.X; =X;', X=X,

1.4. Repeat above steps 1.1 - 1.3,

" Step 2: Adjust (reoptimize) the PF vectors

Starting from PF vectors obtained in Step 1.2, search
for the convergence points of the local optimizer of the PF
distance into the original normalized data X410 Xg2. The
direction vegtors after convergence of the algorithm are the
adjusted PF vectors. Save them. We stop the iterations if
several PF vectors, with different class separations along
them, are obtained.

In step 1.3., we carry out trials with progressive
increasing values of Ac2. We examine the class-
conditional distributions of the projected samples before
and after reduction of class separation along the PF vector
and we choose suitable values of Aa? subjectively.

S. Application to Medical Data

The data concerns the medical diagnosis of the
neurological disease cerebrovascular accident (CVAL. It
conwins pathologo-anatomically verified CVA cases
including a first class of 200 cases with haemorrhages and
a second class of 200 cases with infarction due to
ischaemia. Twenty numerical results from the neurological
examination were recorded for each CVA case [1]. In order
to eliminate the small pooled variances we used eight
largest eigenvalues in the decomposition of Sz (see
Section 2). Subsequently we reduced the dimensionality of
the normalized data to eight.

5.1. Recursive Optimization

Following the recursive optimization procedure
(Section 4), we computed the ExF discriminant vector for
B=0, which implied PF distance 0.5046. Starting from it
we ran the local optimizer of the PF criterion, which
converged to a PF discriminant vector with PF distance of
value 0.8013. The class-conditional densities along the
obuained discriminant vectors are shown in Fig.1. The



class separation was increased significantly along the PF
vector (Fig.1b.). Actually, this was the best result
_obtained in our study.

In order to monitor the progress of our procedure we
specified the coordinates of the normalized data which
implied the class discrimination along the PF vector. They
are the 8th, 3th, 4th, 2th and 7th coordinates corresponding
to the components of the PF vector with dominant values
(see Fig. 1b). We decided to monitor the results using plots

spanned by the 3th and 4th, and 7th and 8th coordinate-
axes. Fig.2 presents the projection of the samples on to
these plots.

We iterated by a sequence of reductions of class
separation in order to search for other directions with
discriminant information. Following the procedure of

Section 4 we started trials with small values of AdZ, We

iterated with A62=0.0, 0.0, 0.1, 0.2 in the st to the 4th
trials. The adjusted PF vectors for this sequence (see Step
2 of the procedure) converged to the result of the first trial
(Fig.1b) and we detected no new local maximum of the PF
distance. We decided to continue with stronger reductions
of class separation (larger values of Acz). We iterated with
Ac2=0.3, 0.4, 0.5, 0.5 and observed the adjusted PF
distances 0.4475, 0.3498, 0.4129, 0.5069 in the Sth to the
8th trials. Fig.3 shows the transformed data after the 5th
reduction of class separation. The presented destructuring
of the data (with respect to the original data Fig.2) directed
the optimization procedure to a maximum different from
the initial solution.

* The 8th reduction of class separation implied an
"interesting” result. We analysed the discriminant
information gained by the PF vector at this trial with
respect to the best result shown in Fig.1b. For this
purpose we projected the original data on to the plot
spanned by the latter vectors. The projections of the
samples on to this plot are shown in Fig.4. We detected a
cluster (the encircled area in Fig.4) of large (nearly full)
- overlap of the classes. The other clusters define areas with
a dominant number of observations from one of the
classes. We found that the two-dimensional presentation
(Fig.4) gains less class overlap compared with the one-
dimensional projection (Fig.1b). We concluded that the PF
vector at the 8th reduction of class separation adds "new"
discriminant information to the best solution and
consequently the obtained two-dimensional mapping may
be a suitable choice for allocation of the CVA cases. We
would mention that an assessement of the probability of
misclassification and rejection by "extra” (test) samples
(holdout and bootstrap met.hods) is outside the scope of
this paper

5.2. Optimization with no reducuon of class

separation

The goal of this experiment was t0 examine the
usefulness of the reduction of class separation for detecting
the sequence of large local maxima of PF distance. For
this purpose we maximized the PF distance of the original

data (with no reductions of class separation) starting the
local optimizer from the ExF vectors used in the trials of
the previous experiment (ExF vectors for §=0.0, 0.5, 0.7,
1.0). After convergence of the local search we observed the
PF distances 0.8013 for f=0.0, 0.5, 0.7 and 0.4436 for
B=1.0. The values B=0.0, 0.5, 0.7 implied the best
solution obtained in Section 5.1 (Fig.1b). The value of
B=1.0 implied the local maximum of value 0.4436, which
was less than the values of 0.4475 and 0.5069 found by
our procedure. We concluded that the reduction of class
separation was useful, because it directed the local search
to values of the PF distance which were larger than the
values found for the original data.

6. Conclusion

We have presented an application of our procedure for
recursive optimization [3]. It succeeded in finding the
sequence of directions with significant information for
discrimination of the CVA cases. Our procedure was more
effective than the initialization by the Fisher discriminant
vectors which was used in the past.

Our method implements Friedman's [4] procedure for
recursive optimization, called "structure removal”. Just
like Friedman's procedure we transform the densities along
the found discriminant directions into normal densities.
The main difference of our proposal from Friedman's
procedure consists in the choice of the density which is
transformed. Friedman's algorithm transforms the mixture
(unconditional) density to normal density while our
algorithm processes the class-conditional densities
separately. The latter arises from the goal of our method. It
is a tool for discriminant analysis (analysis of samples
previously grouped into classes) while Friedman's
procedure is oriented to cluster analysis of unclassified
samples.
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