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Abstract. Gaussian mizture models (GMMs) are widely used to model
complex distributions. Usually the parameters of the GMMs are deter-
mined in a mazimum likelihood (ML) framework. A practical deficiency
of ML fitting of the GMMs is the poor performance when dealing with
high-dimensional data since a large sample size is needed to match the
numerical accuracy that is possible in low dimensions. In this paper we
propose a method for fitting the GMMSs based on the projection pur-
suit (PP) strategy. By means of simulations we show that the proposed
method outperforms ML fitting of the GMMs for small sizes of training
sets.

1 Introduction

We consider the problem of modeling an n-variate probability density function
p(x) (x € R™) on the basis of a training set

X ={x1,%X2,...,XN}. (1)

Here x; € R™ ;i = 1,2,...,N are data points drawn from that density. We
require a normalization of the data, called sphering [7] (or whitening [4]). For
the sphered X the sample covariance matrix becomes the identity matrix and the
sample mean vector is a zero vector. In the remainder of the paper, all operations
are performed on the sphered data.

In this paper we seek a Gaussian mizture model (GMM) of p(x), which is a
linear combination of M Gaussian densities

PO) = > i, (x = my) (2)

Here, w; are the mixing coeflicients which are non-negative and sum to one, and
¢, (x —m;) denotes N(m;, X;) density in the vector x.

The mixture model is widely applied due to its ease of interpretation by
viewing each fitted Gaussian component as a distinct cluster in the data. The

** This work was supported in part by the Paul Ivanier Center for Robotics and Pro-
duction Management, Ben-Gurion University of the Negev, Israel.



clusters are centered at the means m; and have geometric features (shape, vol-
ume, orientation) determined by the covariances X;.

The problem of determining the number M of the clusters (Gaussian com-
ponents) and the parameterization of X; is known as model selection. Usually
several models are considered and an appropriate one is chosen using some cri-
terion, such as the Bayesian information criterion (BIC) [6].

In this paper we study GMMs with full (unrestricted) covariance matrices
X;, spherical ¥; with a single parameter for the whole covariance structure and
diagonal X;. The use of GMMs with full covariance matrices leads to a large
number of parameters for high-dimensional input vectors and presents the risk
of over-fitting. Therefore X; are often constrained to be spherical and diagonal.
The latter parameterizations do not capture correlation of the variables and
cannot match the numerical accuracy that is possible using unrestricted X;.
Additionally, the diagonal GMMs are strongly dependent on the rotation of the
data. An attractive compromise between these parameterizations is the recently
introduced mixture of latent variable models. In this paper we study a latent
variable model, called a mixture of probabilistic principal component analyses
(PPCA) [5]

M
B0 = D036 o, (5= ), (3)

=1

where W; is a (n x q) matrix. The dimension ¢ is called the latent factor. For
g < n an unrestricted X; (not spherical or diagonal) can be captured using only
(1 + ng) parameters instead of the (n(n + 1)/2) parameters required for the full
covariance matrix. Usually the parameters of the conventional and latent GMMs
are determined in a mazimum likelihood (ML) framework [4], [5].

In this paper we propose a method for fitting GMMSs based on the projection
pursuit (PP) density estimation [7], [8]. By means of simulations we show that
our method outperforms the ML methods for small sizes of the training samples.

2 Projection Pursuit Fitting GMMs

We propose to set the parameters of GMM (2) using the projection pursuit (PP)
density estimation [7], [8] proposed by Friedman. In Section 2.1 we summarize
the original method of Friedman and in Section 2.2 we present our method for
fitting GMMs.

2.1 Friedman’s PP Density Estimation

Friedman [7], [8] proposed to approximate the density p(x) by multiplication of
K univariate functions f(.)

K
p(x) = ¢(x) [] f(aix), (4)
k=1



where ¢(x) is N(0,I) density in the vector x (the standard normal n-variate
probability density function) , aj is an unit vector specifying a direction in R"
and f is »

br\Yy
Here ¢(y) denotes N(0, 1) density in the variable y and P (y) is a density function
along ay. Friedman approximate/estimate p,(y) using the Legendre polynomial
expansion of the density along aj. The directional vectors a; are set by the
projection pursuit strategy explained in Appendix A.

2.2 GMM Expansion of the PP Density Estimation

In order to expand (4) to the multivariate GMM we model pg(y) in (5) by a
mixture of the univariate normals

My,
Pe(y) =D _wkjbaw; ( — trj)- (6)

=1

Here ¢g,, (y — pr;) denotes N(urj,0x;) density in the variable y and wy; are
the mixing coefficients for j = 1,2,... M. After manipulations of (5) using (6)
fr(y) becomes

My,
fry) = Zﬁik]‘%w (y — firj), (7)
j=1
with
o 27 firej”
wk] - wk] 1 _ Ukj2 e.’lfp (2(1 _ Ukj2) b (8)
n..o— _ Mki
/J’k] 1 _ Ukj2 ) (9)
- Okj
Opj = ——r. (10)
7 \/ 1-— Ukj2
Substituting (7) into (4), we have
K [ My
P(x) = ¢x) [T | Do@niden; (i x — fin) | - (11)
k=1 | j=1

Finally, we employ the identity
d)z: (X - m)¢(7(aTx - /l’) = Oé(f)).: (X - ﬁl), (12)
with x, m, a € R*; ala =1 and
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=32 'm+ L 3a, (14)
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(15)
Im7(Z 182! - S Hm+ 4a’S% 'm}.
The proof of formulae (12) - (15) will be included in an extended version of this
paper.
The identity (12) shows that the multiplication of any n-variate normal den-
sity ¢ (x —m) by any univariate normal density ¢, (a’x — i) along a directional
vector a € R™ implies an n-variate normal density ¢ (x — ) scaled by a con-

stant a. After an iterative application of the identity (12) into (11), Friedman’s
approximation (4) becomes the form of an GMM

p(x) = Zﬁj%i (x —my) (16)

having M = Hfil M; Gaussian components. We name (16) the GMM expansion
of the PP density estimation (4). Here @;, £, and m; denote the parameter
values implied by the iterative application of (12) - (15) into (11). The GMM
expansion (16) can be simplified, i.e. the number M of the Gaussian components
can be reduced by suitable replacement of the similar components with a single
normal. The latter is out of the scope of this paper and is subject of our current
research.

2.3 Fitting Strategy

In the previous Section 2.2 we showed that Friedman’s approximation (4) implies
a GMM model (16) for the specific choice (6) of pr(y). For this scenario the
purpose of the PP fitting is to choose K and ay, of the model (4), and to set the
parameters My, wk;, pr; and og; of the univariate mixture density pr(y) (6).

We compute K and a; by a method of Friedman, called projection pursuit
(PP). We summarize the PP method in the Appendix A. The PP method com-
putes each ay, for a specific data set X(*) = {xgk),xgk), o ,x(Nk)} (18). In the
next explanation we refer to X (*).

Our strategy for setting the parameters My, wg;, pr; and ox; of P (y) (6)
is based on the mazimum likelihood (ML) technique [4, pages 65-72] and the
Bayesian information criterion (BIC) [6]. In summary, it is as follows. First we
project the data points xgk) e Xk §=1,2,...,N onto a;. We denote the
projections y; = akagk). Then for My, =1,2,..., My we fit pr(y) to the data
points y;,4 = 1,2, ..., N by the ML technique. The maximal number M,,,, of the
components of P (y;) is set by the user (in our experiments described in Section
3 we set Myqa; = 10). For each M}, we compute the value of the log-likelihood
function Las, (Lpg, = Zé\;llnﬁk (y;)) at the maximized values of the parameter



Wkj, Pkj and og;. Then we compute the values BICy, = 2Lar, — (3My—1)In(N)
[6] and plot them for My, = 1,2,..., My, Finally, following [6], we select the
model having the number M, giving rise to a decisive first local maximum of
the BIC values. In the case of monotonically decreasing BIC values we drop ay
from Friedman’s approximation (4).

3 Comparative Studies
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Fig. 1. The training sample size versus the mean percentage of variance explained
(MPVE) for our method (x), GMMs with full (o), diagonal (-.-) and spherical (...)
covariance matrices, and the mixture of PPCAs [5] (- -). Comparison on the 15-
dimensional data sets drawn from densities: a) py;x(X) , b) Pk (X) , €) Py (%) , d)
1y () -

In this section, we compare the performance of the mazimum likelihood (ML)
[4], [5] and the projection pursuit (PP) (Section 2) fittings the GMMs. We study
a wide spectrum of situations in terms of the size N of the training samples
(1) drawn from 15-dimensional trimodal densities p,, (X), p,x(X), P, (X) and
Pk (X) set in Appendix B. We ran experiments for N = 50,100, 150, . .., 700.

An experiment for a given combination of particular setting, density function
and size of the training sample consisted of 10 replications of the following pro-



cedure. We generated training data of size N from an appropriate distribution.
Then we normalized (sphered [7]) the data and rotated the coordinate system
randomly in order not to favor the rotating dependent GMMs. Using this data
we fitted the GMMs by our method (Section 2) and PPCA [5]. The number ¢
of the latent factors for PPCA and the number M of the components of the
GMDMs were varied ¢ = 1,2,3,4 and M = 3,4,5,6,7,8. For the same data we
fitted the GMMSs with full, diagonal and spherical covariance matrices by the
ML technique. The EM algorithm [4, pages 65-72] was used as a local optimizer
of the likelihood of the GMMSs for the training data. A k-mean clustering tech-
nique [4, page 187] was used to set the starting GMM parameter values for the
EM algorithm. In order not to favor our method the starting point for the opti-
mization (17) was set by the k-mean clustering, as well. The number M of the
components of the GMM (2) was set M = 3 for the GMMs with full covariance
matrices, and M was varied for GMMs with diagonal (M = 3,4,5,6,7,8) and
spherical (M = 3,4,...,14) covariance matrices. For each GMM a performance
criterion named the percentage of variance explained (PV E) (Appendix C) was
computed. Finally we calculated the mean of the PVE values over the 10 repli-
cations and denoted it by mean percentage of variance explained (M PV E). In
Fig. 1 we show the largest M PV E values among the variation of ¢ and M.

The results in Fig. 1 show that our method (%) outperforms all the methods
for N = 150 — 700. We succeeded to explain 50-80% of the variance, while the
other methods explain 0-40% only. The GMMs with full covariance matrices
(o) were highly sensitive to over-fitting (M PV E~0%) for N = 50 — 300. The
mixture of PPCAs (- -) was better than sphered and diagonal GMMs for all
variations of IV, and better than full GMMs for N < 400. The latter results are
consistent with the observations in [10].

4 Summary and Conclusion

We proposed a method for fitting GMMs based on the projection pursuit (PP)
strategy proposed by Friedman [7]. The results obtained by means of simulations
(Section 3) show that the PP strategy outperforms the mazimal likelihood (ML)
fitting of the GMMs for small sizes of the training sets.

In Section 2.2 we showed that the PP density estimation implies a GMM
model for a specific setting of the Friedman’s approximation. The formulae (12)-
(15) derived allow us to set the parameters of the GMM implied by the PP
estimation. This allows simple exact computation of the performance (PVE,
Appendix C) in the simulations with normal mixture densities. The exact cal-
culation of the PV E of the GMMs is carried out by direct matrix computations
instead of a complicated Monte-Carlo evaluation of the n-fold integrals of PV E
provided in [8] and [9]. The exact computation of the PV E is possible for a
high-dimensional input space n >> 10, while the Monte-Carlo evaluation of the
PV E is restricted to n < 10.

In our previous works we employed the PP strategy successfully in the dis-
criminant analysis [1], [2] and for training neural networks for classification [3].



In this paper we showed that the PP strategy is an attractive choice for fitting
GMMs using small sizes of the training sets.

Appendices

A Projection pursuit

A.1 Computation the directions aj, ag, ..., ak

Following Friedman [7] we choose aj, as, ..., ag by solving a sequence of non-
linear programming (NP) problems

ap = arg mazx {I(a|X(k))} for k=1,2,...,K
(17)
subject to a’a = 1.

Here I(a|X®)) is an objective function, named projection pursuit (PP) index
(see Section A.2). It depends implicitly on a specific data set, denoted by

X*) = {xgk),xgk), .. ,xs\’,c)} . (18)
Here, xgk), xék), ey xg\’f) are n-dimensional vectors. The data sets X (%), k =
1,2,..., K are constructed in a sequential way, explained in Section A.3.

For solving the nonlinear programming (NP) problems (17) we employ a
hybrid optimization strategy proposed in [11].

A.2 PP Index

The PP index I(a]X®) is defined in the following way. We project the data
points xgk) € X onto a (an arbitrary n-dimensional vector having unit length)

and obtain the projections ygk) = aTxgk). Obviously the shape of the density
of these projections depends on the direction of a. Friedman [7] defined the PP
index as a measure of the departure of that density from N(0,1). He constructed
the PP index based on an J-term Legendre polynomial expansion of the Lo
distance between the densities [7, pages 250-252]

Loojr1[1 & ’
Iax®) =3 NZPJ-(#))] : (19)
j=1

i=1

with
r®) = 2¢(ytFy — 1. (20)
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Here @ denotes the standard normal (cumulative) distribution function and the
Legendre polynomials P; are defined as follows:

Py(r) =r, Py(r) = 5(3r* - 1),

1 7
Pj(?‘)=%{(23 DrPy1(r) = (= DPs()} i =3,4,... . (D

If the projected density onto a is N(0,1) then PP index (19) achieves its minimum
value (= 0). The solution of the NP problem (17) defines direction aj which
manifests non-normal projected density as much as possible.

Following Friedman [7] we set J = 6 in (19). We used the value of I(a;|X (%))
to set the number K in the approximation (4). If I(a;| X *)) < € then we dropped
ay, from (4). In our experiments in Section 3 we set € = 0.0001.

A.3 Computation the data sets X, X(® . x()

Following Friedman [7] we compute the data sets X(1), X .. X(K) by the
following successive transformation of the original training data set X (1).

For k=1,2,...,K
We assign X(*) = X (X is the original data set (1) for k = 1).
We compute ay, solving (17).

We transform X into X(*). We require X*) to have N(0,1) onto ay,
and the same data structure as X*) into an (n — 1)-dimensional subspace
orthogonal to aj. By this means we eliminate the maximum value of the PP
index for X (%) at the point a;, (I(ay|X *)) = 0). The transformed data X (*)
is computed by a method [7, pages 253-254], called structure removal.

We assign X to be the transformed data X*) (X = X*)) and continue.
End

B Density Used to Generate the Training Data Sets

We generated training data sets from 15-dimensional density functions

Puc(®) = [X51059,, (1, %2) g, (w3, 24)] [[,5 D(@i),

Posc (%) = [X5-1059,, (@1, 22) gy, (03, 74)] [T15 ¢(1),

P (%) = [, 059, (21, 32)g,, (23, 24)] [T125 b(xs),

Puaxc (%) = [ 1059, (31, 22)g;, (%3, 24) 9w, (@5, 76)] [[1 7 Blah)-

Here x = (z1,22,...215)7, ¢(xx) is N(0,1) density in the variable x; and
9, (z1,22), 9s, (23, 24), 9, (z5,26) for j = 1,2,3 are bivariate normal densities

from [12, Table 1]. We set the mixing coefficients oy = ap = —0 and as = L.
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The structure of p,, (x), p,, (x) and p,, (x) lies in the first four variables, and the
structure of p,,, (x) lies in the first six variables. The remaining variables only
add noise (variables having N(0,1) densities). Note that the data sets drawn
from these densities were normalized (sphered [7]), and randomly rotated in the
runs discussed in Section 3.

C Percentage of Variance Explained (PVE)

In Section 3 we evaluated the performance of the GMMs by percentage of vari-
ance explained PVE = 100(1 — L82) [8], where ISE = [, (p(x) — p(x))?dx is
the integrated squared error of the GMM p(x) and var = [, (p(x) — #(E))zdx
is a normalization. Here p(x) is the true underlying density and vol(E) denotes
the volume of a region E in space containing most of the mass of p(x). We set
E={(-5<=z;<5),i=1,2,...15}. We employed a closed-form solution of the
n-fold integrals ISE and var, which is available within the class of the normal
mixture densities [13]. The latter allows us to compute the PV E for the densities
Pk (X), Pix (X), Py (X) and p,; (x) (Appendix B) exactly by direct matrix calcu-
lations. The formulae for the latter calculations will be included in an extended
version of this paper.
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