RECURSIVE OPTIMIZATION OF AN EXTENDED FISHER
DISCRIMINANT CRITERION

Mayer E. Aladjem
Department of Electrical and Computer Engineering, Ben-Gurion University of the Negev,
P.0O.B. 653, 84105 Beer-Sheva, ISRAEL, e-mail: aladjem@bguee.bgu.ac.il

ABSTRACT

A method for recursiveoptimization of an extended Fisher (ExF) discriminant
criterion is proposed. The method consists of obtaining a discriminant diresch
optimizes the EXF criterion, transforming the data along it into data with greater class
overlap, anditeration to obtain the next discriminant direction. An application to a
medical dataset indicates the potential of the proposed method for findiaqueence

of oblique directions with significant class separation.

1. INTRODUCTION

We discuss discriminant analysis which is carried outhbylinear mapping:rBTx,
xO RN, T0R1, n=2, with x an arbitrary n-dimensionalbservation, andp a direction
vector (having unit IengthBTr p=1). The vectom 3 optimizes arextended Fishe(ExF)

discriminant criterion previously proposed by us [1,2]. Tbhptimal vectorr is called a

discriminant vectorln this paper our goal is wbtain a sequence of discriminant vectors
by successiveptimization of theExF criterion. Inthe past, in order tanclude different
information in the discriminantectors, an orthogonabnstraint on théatter vectors was
used. In this paper we propose a method which is free to seardisdominant directions
oblique to eactother. It is amodification of our method for removal of classification
structureq3]. In Section 2 we describe a normalization of dag¢a, which is required by
our method. Section 3 presetit® ExF criterion and the computation of the discriminant
vector related tat. The new methodfor recursiveoptimization of theExF criterion is
presented in Section 4. Section 5 includesréseilts and analyses of application to a
medical dataset.

2. SPHERED DATA

Suppose ware given a set of gNdesign (training) observationg1(l1), (z2,12),...,
(z2Ng:INg in n-dimensionabample spacajDR”, (n=2) , j=1,2,...,NJ. We discuss the
two-class problem anthe label Ij3{ w1,0w2} showsthat zj belongs to one dahe classes
w1 orwp. These labels imply a decomposition of the designZ&gt{z1,z2,...ZNg} into
two subsets corresponding to the unique classes. Let the decomposifignZer1[1Zd2,
where the subsélgj containes Iyj observations properly associated wiitle classlabeled
by wi (lj=wj = zjUZj) for i=1,2. To achievelata sphering[4], we perform areigenvalue-
eigenvector decompositidB,=RDR T of the pooled sample covariance masix with R
andD nxn matricesR is orthonormal an® a diagonal. Wéhen define the normalization
matrix A=D-1/2RT_ In the remainder of thpaper,all operations are performed on the
sphered design datddi={x: x=A(z-mgz), z[0Zdi} and sphered new(arbitrary or test



observation9 x=A(z-mz) ,z0Zdq with mz the mean vector of the design sampge The
pooled sample covariance matrix estimameer Xdi becomes the identity matrix
ASzAT=I. This impliesthatfor any direction vector (r Tr=1) the projectiong=r Tx of
the sphered design observatiothf Xd11Xd2} have unit pooled sample variance.

3. EXTENDED FISHER DISCRIMINANT CRITERION

The extended Fisher HxF) criterion [1],[2] is a generalization of Malina's
discriminant criterion [5], i.e.

G(rB) =L @P)rTBr +B rTsOr |1 Tswrl-L, ()

with direction vectorr, contol parameter (0<B<1); B=(m1-m2)(m1-m2)T the sample

between-class scatter matwith mj the class-conditional sample meaarctors;S(‘):Sl-
Sp or Sp-$1 with §j the class-conditional sample covariance matrices=1,2; Syy the
pooled within- class samptm®varianceanatrix. All of them are computefibr the sphered

designdatasetsXdi, i =1,2. In(1) the symbol s() implies two forms ofthe criterion
G(r,B). The ExF discriminant vector maximizes Gf). It is the eigenvector
corresponding tahe largest eigenvalue of the matriceg/~1[(1-B)B+B(S1-S2)] and
Sw-1[(1-B)B+B(S2-S1)]. An appropriate value of the control paramétés notknown

in advance. We search for it usingrial and error proceduréur approach tanodel
selectionis to choosehe values off that maximize théatrick-Fisher (PFHistance [6]
between the classes along te~ discriminant vector 3. This gives rise to a problem of
parameter optimization. Our stratefpyr solving it is to choose a grid of values in the
interval (Gp<1), tocalculate the PF distance at each vaod then to choosthe value

with the largest PF distance as flRealue. From experience, a suitable sizemtfmization
grid is 21values (uniform grid with step05). Wecompute the PF distanagsing the
Parzen estimators witlGaussian kernels othe class-conditional densities of the

projectionsZ:rBTx ([6] pp.277-280). From experiencesuaitable value of themoothing
parameter h (standard deviation of the Gaussian kernel) is h=0.1.

4. RECURSIVE OPTIMIZATION OF THE ExF CRITERION

The proposed recursivenethod consists ofobtaining anExF discriminant vector,
transforming the data along it into data with greater class overlapping and iterating to obtain
the nextExF discriminantvector. In our work, were stimulated by an idea of Friedman
[4], called"structureremoval. We describe the method in its abstraetsion operating
on probability distributions. The application to tt&tasamples is obtained by substituting
an estimate of the distributions over the designXgtandXd2 ([4], p.254).

4.1. Zero informative direction vector

We start bydiscussingthe properties of a directional vectar which has no
classification structure in terms of its denditmction. Such avectora is called azero
informative directionvector. In discriminant analysia is zero informative if by

observingZ=aTlx of any realizationx we cannogain any information about th@ass to
which x belongs . Inotherwords, the random variablaTX andthe class (i, i=1,2) are

probabilistically independent. In this caseg(@|wi)=pa({) (see [6], pp.198-199)with



pa(l|wi) the class-conditional density of the projectmhX of a random vectoX and

pa(?) unconditional (mixture) density cdTX. It is known [4] that for most high-
dimensional data, most low-dimensional projections are approximately normal. Therefore it

seems reasonable to approximai& pby normal density function. Note also that in order

to preservahe properties of thephereddata therandom variableaT X must havezero
meanand unity variance. Taking into account thebservations, weonclude thatlass-

conditional densities gf¢|wj) along the zero informative direction vectar can be
approximated by the standard normal density N(0,1).

4.2. Reduction of the class separation along the EXxF discriminant vector

The idea is to transforrine class-conditional densities along By vector to normal
densities in order to redudhe class separation. Assuntieat U is an orthonormal xn
matrix with an ExFdiscriminant vectom as thefirst row. Then applying theinear

transformation=Ux results in a rotatiosuchthat thenew first coordinate istq=r BTX.
We denote other coordinates®@st3,...Tn (t=[11,12,...Tn] 7). Let p—B(T1|OJi), I=1,2 be

the class-conditional densities alorg) and M gledi OF B|°°i2 their means andariances.
We require a transformatighat takes the class-conditiort#nsities along to normal
densities, butleavesall other coordinates2,13,...,Tn unchanged. Lety be a vector
function with components 19g2,...,0n that carriesout this transformationt1'=q1(t1)

with q1(rBTX) having normal class-conditional densities apekj(tj), i=2,3,...,n each
given by identity transformation. The function q is obtained by the percentile
transformation method:

for x from classwy:

(1) =[®L(Fr g(r1lwD)](or gle 2+A02) 12 +(My glxg-Ama),
(2)

for x from classw:

a1 (t)=[PL(Fr p(t1lw2)](or plugZtacd) L2 +(My plwg-Amy),
(3)

with Ag2, Am1, Amp user-supplied parameter$,BlET1|wi) the class-conditional

(cumulative) distribution function along for i=1,2 anddL the inverse of the standard
normal distribution function. Finally,

x' =UTq(Ux) (4)

takes pR(111c)=N(mr g|oj-Ami, or[3|wi21A02), for i=1,2 leaving all orthogonal

directions ofr g unchanged.
Now we are confrontedvith the problem of defining the values of theer-supplied

parameterﬂoz, Am1 andAm2. If Ac2=0 andAmj=0, i=1,2 wemake minimalchanges



of the data in thesense ofthe minimal relativeentropy distance measure between the
original and transformed class-conditional distributi¢i®,p.254). If orBMZJ_erZ:l

andmy BM—Ami:O, i=1,2 weremove totally the classificatiostructure along 3, making

rg a zero informative direction vector with full overlap toe classes. This causes the
largest changes of the class-conditional distributioxs ¥¥e propose tonake trialswith

progressive increasing Ab2-values inthe interval (&Ac2<1). In order topreserve the

sphering ofthe data we comput&dmi and Am2 using the sphering conditions (zero
unconditional mean and unconditional variance equal to one).

4.3. Recursive optimization procedure

The computation algorithm of the sequence of ExF discriminant vectors is as follows:

Initialization: Ac2=0; X1=Xd1, X2=Xd2, WhereXd1, Xd2 are the originakphered
design samples.

Reductions of class separation:
Step 1:Using the sample set{1[1X2}, compute theExF vectorfor the 3-value which

implies the largest PF distance of the original samplgs and Xd2. Savethe obtained
ExF vector.

Step 2: Usingthe currentda2-value, reduce theclass separation alortge ExF vector

and obtain a new data setf{[1X2'} (see Expr.(4)). Assigithe new set to béhe current
sample set, i.81=X1', X2=X2'. If only one ExF vector has been computegheatsteps
1 and 2. Otherwise continue with step 3.

Step 3(Update the Aa2-value): Projecthe original sampleXd1 andXd2 on to the last
two ExF vectors and compare the PF distances along these vectbhesPEF distances are

approximately equal, increage2-value (6<Ac2<1). Otherwise assigho2=0.

Repeat Stepsl1-3. We stopthe iterations if severdExF vectors, withdifferent class
separations along them, are obtained.

5. AN APPLICATION

A real dataset concerning themedical diagnosis of the neurological disease
cerebrovascular accident (CVA) contains pathologo-anatomically ve@fi&d cases: 200
cases with haemorrhages and 200 cases wifdrction due to ischaemia. Twenty
numerical results from a neurological examination were recorded for each CVAcdse
order to eliminate the small pooled variances we decidaddeight largest eigenvalues of
Sz in its eigenvalue-eigenvector decomposition (see Se@jpnFig.1 presents the
projection of the sphered data set on to the plot spannétke Bigenvectorsorresponding
to the two largest eigenvalues (the principal component projection).

First we computed ExF discriminant vector 3=0, which implied the PF distance of
maximal value 0.5046. Then we iterated by a sequence of 9 reductions of class separation

following the recursive optimization procedure (SectioB.). WeusedzeroAd2-value in
the 1st to the 6th iterations and obtained the PF distances 0.5648, 0.6302, @.6504,

0.7577, 0.7592. We continued with stronger reductiothetlass separatiom\¢2=0.20,

0.65) at the 7th anthe 8thiterations, andinally returned taAc2=0.0 atthe Othiteration
observing PF distances 0.6854, 0.24610.3657 atthesetrials. Fig.2 presentthe best
result (themaximal PFdistance) obtained at the @tial. Fig.3 presentshe result of the



last (9th) trial. One can observe a destructuring otréresformeddata(Fig.3a) compared
with the original datgFig.1) whichdecreased thelass separation along 8iis. Fig.3b
shows the class-conditional densities along the ExF vector at the 9th iteration.

We analysed the discriminant information gained byBxkié vectors athe 6th and 9th
trials. Weprojected the original data on to the ppianned by these vectqiisig.4) and
compared the class overlap in the plath the overlap along thbest ExFvector (Fig.2).

We found that the two-dimensional presentation gains larger class separation and
concluded that th&xF vector at the 9th iteratioadds "new"discriminant information to

the best one-dimensionaolution. We viewedhe results ofthe 6th and 9th trials as
"interesting” ones.

6. SUMMARY AND CONCLUSIONS

We have presented a methiod the linear discrimination afwo classes based on the
extendedrisher (ExF) criterion. Judike any other projection pursuit procedydd, our
method searchefor the sequence of the directiongith "interesting” discriminant
information. The main feature of th@roposedmethod is its freedom to search for
discriminant directions which are oblique to each other.

Our method implementsriedman’s [4]procedure for recursiveptimization, called
structure removalJustlike Friedman'sprocedure we transforrthe densities along the
found discriminant directions into normdensities.The main difference obur proposal
from Friedman's [4rocedure for structureemovalconsists inthe choice of the density
which is transformed. Friedman's algorithm transforms the mixture (unconditional) density
to normal density whil®ur algorithmprocesseshe class-conditional densitissparately.
The latter arises from the goal of our method. It is a tootlieeriminant analysis (analysis
of samples previously grouped inttasses) whilé=riedman'sprocedure is oriented to
cluster analysis of unclassified samples.
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Fig.1.Sphered CVA-data along the eigenvectors corresponding the® two largest
eigenvalues 08 ("+" haemorrhages and "o0" infarctions).

Fig.2. Class-conditional densities along the ExF vector at the 6th iteration.

(@)

(b)



Fig.3. Result at the 9th iteration: a) transformethta along the eigenvectors
corresponding to the two largest eigenvalueSzoh) class-conditional densities along the

ExF vector.

Fig.4. Projection of the CVA samples onto the plot spanned thg “interesting”
discriminant directions.



