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Abstract

A method for the lineadiscrimination of two classes is
presented. It searche$or the discriminantdirection
which maximizes the Patrick-Fishe(PF) distance

work we use a technique which combines them. hased
on an extended Fisher (ExF) criterion previously proposed
by us [2]. The ExF criterioimcludes acontrol parameter
for adjusting the criterion to the classification structure of
the specific application. Nevertheless, thabserved

between the projected class-conditional densities. It is amaximum of the PF-criteriorcan be merely a local

nonparametric method, in the sense that the densities ar

enaximum, which is far away from the global one in some

estimated from the data. Since the PF distance is a highl\data structures. In thispaper we propose arecursive

nonlinear function, we propose a recursive optimization
procedurefor searching thelirections corresponding to
several large local maxima of the PF distandéis.novelty
lies in the transformation of thelata along a found
direction intodata with deflatedmaxima of PFdistance
anditeration to obtain the nexdirection. A simulation

method whichsearchedor several largéocal maxima of
the PF criterion.

Section 2 presents a normalization of tliata
(sphering which is required bythe recursivemethod. In
Section 3and 4 we describthe PF and ExF criteria and
the computation of the discriminant vectorslated to

study indicates the potential of the method to find thethem. Thenew method for recursiveptimization of PF

sequence of directions with significant class separations.

1. Introduction

We discuss discriminant analysis whichcesried out
by the linear mapping=rTx, xd RN, tORY, n > 2, with
X an arbitrary sample in n-dimensionameasurement
spaceandr a direction vecto(unit vector - rTr=1). The
latter optimizes a discriminant criterion R, The
optimal vectorr is called thaliscriminant vector.

In the paper we discuss a discriminant criterion for two

classes, namely the Patrick-Fisher (PF) criterion [1]. It

measureshe overlap of class-conditional densities of the
sample projections. Unfortunately, it is not animodal
function with respect tor and has more than one
maximum. In most applications the PHBiscriminant
vector issearchedor along thegradient ofthe criterion,
hoping that with agoodstarting point therocedurewill
converge to the global maximum or at least tpractical
one. Some known techniques such as principal compone
and Fisher discriminant analyses,mayusedfor choosing

a starting pointfor the optimizationprocedure. Inthis

criteria is presented itbection 5. Section éncludes the
results and analyses of a simulation study.

2. Sphered data

As mentioned previously we discuss th&o-class
problem. Suppose weare given a set ofNy design
(training) samples(zy,l4), (22,15), - . ., €nasIng) N D-
dimensional measurement spageR",(n>2), j=1,2,...,N;.
The label j[}{ wy, w} shows that thesamplezj belongs
to one of the classes; or w,. Using these labels a
decomposition of thelesignset Z={z,, z,, . . . , Zng}
into two subsetgorresponding tahe unique classes can
be done. Lethe decomposition b&=74,02d,, where
each subsef; i=1,2 includessamples properhassociated
with the class labeled hy (lj=w; = z0Zy). We name Ry
the number of design samples per class.

For the aim of data spherirgee Friedmaifi2],p.251),
e perform eigenvalue-eigenvector decomposition of the
sample covariance matrix of the class-mixtBEesRDRT,
with R an orthonormal anB a diagonal (rRn) matrix. We
then define the normalization matd=D-1/2RT,

This work was supported in part by tRaul lvanier Center for
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Beer-Sheva, lIsrael.

In the following text all operationare performed on
thesphered design samplegith zero mean



Xgi={x: x=A(z-m,), zO0Z4 }, i =1,2 (@)}
andsphered new (arbitrargr test) samples x=A(z-m,)
,z0Zg. Here m, is the mean of the class-mixture
estimated over the design sampfgs

The sample covariance matix of the class-mixture
becomes the identity n x n matrix for tisphered design
samples,i.eZ =AZ;AT=I. This implies thatfor any
direction vectorr (r'r=1) the projectionst=rTx of the
sphereddesign samples x (XO{X410X42}) have unit
sample variance

s =rTZr=1. 2

3. Patrick-Fisher criterion

We use the discriminant criterion which is an
estimator of the PFdistance defined asfollows (see
Devijver and Kittler [7], pp.277-280):

+ 00

Dpe (1,h) ={ JTP(w1)Pr (Zln) = P(e,) Br (lewp)12dY? (3)
with

S (=L T
)= 3 el @) i=12 (4)

the Parzenestimators with Gaussian kernels of ttlass-
conditional densities of the projectiong&=rTx, and
P(wj) = Ngj /Ng estimators of a priori probabilitieslere
X is an arbitrarysample XOR"), X40Xy are wy-design
samples, ant is a smoothing parameter.

The theoreticaimotivation of the PFdistance is its
resultant upper bound dBayes erromlong directionr. It
is known that the PHlistance induces ampper bound
which is larger than those of other probabilistidass-
separability measures. Nevertheless;((6Gh) is more
practical, because ofts analytical simplification, which
overcomes the numerical integration in (3).

The PF discriminant vector maximizes>@ ,h) for
fixed h. We carryout the optimization by a&equential
guadratic programming method available as a routine
EO4UCF in theNAG Mathematical Library. Inorder to
search among unit direction vectors we apply
maximization of Gr,h) to nonlinear constraimfr=1.

The primary goal is tdind the global maximum of
Gpg(r,h). By a naive use of the optimization algorithm,

the computed value for the observed max{@h)} can be

merely a locamaximum. The solutiordependsstrongly
on the starting poinfvector) of the local optimizer. On
the otherhand, in some data structures more than one
direction with significant (interesting) classeparations
exist.

We use arextendedFisher discriminantector as a
starting point because of its adaptation toda&@structure

under variations of a control parameter (Section 4prdier
to searchfor several largelocal maxima we propose a
method for recursive optimization ofofr,h) (Section 5).

4. Extended Fisher criterion
The extended FisheEKF) criterion [2] is
Gex(r, B)=[(1-B)r Br+BIr '=Or [J[r'Swr1*  (5)

with r (rr=1) direction vector, (0<p<l) control
parameter and

B = (my - my)(my - my)T (6)
Z(-): Zl - 22 or 22 - Zl (7)
Sw = (Ng1/ Ng)Zy + (Ng2/ Ng )Z; . @

Here,B is the sampldetween-class scattenatrix, m;-
class-conditional sample meang,; -class-conditional
sample covariance matrices (scatter matricesvithin
classes)andS,y -averagedvithin-class sample&ovariance
matrix. All of themare computed forthe sphered design
data set¥y; , i =1,2 (1).In (5) the symb&0) implies two
forms of the criterion g, B) .

The EXF discriminanvector maximizes g(r, B).
The optimization of G,g(r, B) with respect tor for

fixed (3 is carried out bysolving two eigenvalueproblems.
The ExF discriminantvector is theeigenvector which
corresponds to the largest eigenvalue of the matrices
SwH(1-B)B+B(Z1-Z2)] and Sy H(1-B)B +B(Zz-Zy)]-

An appropriate value of the contrparametef is not
known in advance. Weearchfor it using a trialand error
procedure. Our approach to model selectioorisnted to a
suitable starting point of the local optimizer of the PF
criterion. We choose thg-value that maximizes the PF
distance (3) along the ExF discriminant vector. This gives
rise to a problem oparameteoptimization. Ourstrategy
for solving it is to choose the grid of values in the interval
(O<B<l), to calculatethe PF-distance atachvalue and
then to choose the value with the largBstdistance as
theB-value. By experiencethe size of the optimization
grid is taken to be 11 values (grid with equal step 0.1).

5. Recursive optimization of PF criterion

The proposed recursive method consists of obtaining a
PF discriminant vector, transforming the data aloniptio
datawith greaterclass-overlapping (smaller Péistance),
anditerating to obtain a new PF discriminant vector. We
describethe method inits abstract version. Thas, we
operate on probability distributions. The application to the
data samples is obtained by substituting an estimate of the
distributions over the design sétg andXy, (1).

5.1. Zero informative direction vector



In discriminant analysis a direction vectr(@’a=1) is
zero informativef by observing the projectiot=a’™x of
any samplexdR" we cannot gain any information about
the class to whick belongs (see Devijver and Kittler [1],
pp.198-199). In other words, the random variaptend the
classesy, i=1,2 are probabilistically independent. this
case R{wy)=pa(0), with pa(Cjwy) the classconditional
density functions of the projections {=a'x,
Pa({)=P(021)Pa(Clwr) +P(0)Pa(Clwy) the mixture density
function, and Rwj), i=1,2 the a priori probabilities of the
classesy;, i=1,2.

It is known [3] that formost high-dimensionadlata,
most low-dimensional projectionsare approximately
normal. Therefore it seems reasonable to assume jfiat p
is approximated by aormal density function. Note also
that inorder topreservethe properties (1and(2) of the
sphered datd&, must have zeromeanand unity variance.
Taking into account thesebservations, weoncludethat
the class conditional density functiong(qjy), i=1,2

along the zero informative direction vectora can be
approximated by the standard normal density N(0,1).

5.2. Reduction the class separation along the
PF vector

Let r be a vector whichdefines a directiorwith a
maximum of PF distance. Assume thatU is an
orthonormal (n) matrix withr as the first row.Then
applying the linear transformatian = Ux results in a
rotation such that the new firsbordinate ist;=r7x . We
denote other coordinates 8sts,...T, (t=[1; T ..T,]7).

Let pr(t4)wy),i=1,2 be the class conditionaensities
alongr and my,, O, their meansand variances. In

order to reducehe class separation along tl@ection
defined byr we require arransformation that takes; to

normal class conditional densitiebut leavesall other
coordinatest,,T3,...,T; unchanged. Letq be a vector

function with components ;@,,...,q, that carry out this
transformationt,'=q;(14) andtj=q;j(tj),i=2,3,...,nidentity
transformati-ons. The function, gvhich results in the
normal class conditional densitiestgf is obtained by the
percentile transformation method:

- for observationg from class,
Q1(T1):[®'1(Fr(T1|(01))](0r|m121A02)1/2+(mr|m1'Am1) )

- for observationx from classw,
A1) =[P YF (T1]w2))] (O 02?2 AG2) Y2 (M 0-AM)
(10)

with Ao2, Amy, Am, user-suppliecharameters, f14|wj),
i=1,2 the class-conditional (cumulative) distribution
functions oft; and®-! the inverse of thatandardhormal

distribution function®. Finally, the transformation
x'=UTg(Ux) takes the class-conditional densities
Pr(Telo)= N(Orpi?+A02, M, ,-Amy), i=1,2 to benormal
densities along vectar leaving all orthogonadirections
unchanged.

The data sample version of (9)and (10) is
implemented bysubstituting empirical distributions for
the class-conditional distributions, (E4|wq), i=1,2 (see
Friedman [3], p.254).

Now we are confrontedvith the problem ofdefining
the values of theiser-supplied parametets?, Am; and
Amo. If Ag?=0and Am;=0, i=1,2 we makeminimal
changes othe data inthe sense of the minimaklative
entropy distance measure betweethe original and
transformed class-conditionalistributions (see Friedman
[3],p.254). If 0,,%xA0?=1 and m,,—~Am;=0, i=1,2 we
remove totally the classification structure alangnaking
r a zeroinformative direction vectorwith minimal PF
distance along it (see Section 5.1.). This certainly
eliminates the local maximum of the Rfistance,but it
causes the largest changes of the class-conditional
distributions ofx'.

In our algorithm (Section 5.3.) wmake trialswith
Ac?-values in the interval @\o%<1). We chose thealue
of Ao? subjectively, compromising on keeping tHata
structure ofx' as close as possible to the original one and
on reducing the class separation (deflating PF distance)
alongr. We choose the sign (+ or -) of tkhange (Ac?)
in order toapproacho,,2*Ac? to 1. We computém

using the spheringonditions- zero unconditional mean
and unconditional variance equal to one along

5.3. Recursive optimization procedure

The computationprocedure ofthe sequence of PF
discriminant vectors is as follows:

Initialization: X;=Xg1, X, =Xg2» whereXq1, Xqo are
the sphered design samples (1).

Step 1: Sequence of reductions of class separation
1.1. Using the sample seX{1X,}, compute the ExF

vector with the largest PF distance (see Section 4).

1.2. Starting from the EXF vector,search to a
convergencepoint by using a local maximize(NAG
routine EO4UCF) of PF criterion. Theirection vector
after convergence of the maximizer is a current PF vector.
Save it.

1.3. Reducethe class separation along the Ré&ctor
and obtain a new se{'[0X,"} (Section 5.2.). Assign the
new set to be the current sample setXj.eX;', Xo=X,".

1.4. Repeat above steps 1.1 - 1.3.

Step 2: Adjust (reoptimize) the PF vectors

Starting from PF vector®btained in Step 1.2.,

search to theonvergencegoints of the local optimizer of



the PF distanceinto the originalsphered datXyq, Xgo. order todirect the searchingprocedure tahe (x,X,)-plane
The direction vectors after convergence of the algorithm arewith larger maxima.

the adjusted PF vectors.Save them. Theectorswith (b) Some moving away of thencircledclusters in the

largest PF distances among all #djusted PFvectors are  (X3,Xs)-plane was caused by the reduction of class
regarded a$interesting”solutions. separation(Fig.3b). This is not alesiredeffect. It is a
consequence of the "large" value &fo? (Ac2=0.2) which

In step 1.3., wecarry out trials with variousAg?- implied some shift&4m;) of the classesThis result shows

values(seeexpressions (9),(10)) . We examine ttlass-
conditional distributions of therojected samplesbefore
and after reduction aflass separation along PF vector and
we choose suitable value &2 subjectively.

6. Simulation study

that a careful selection of the user-suplied paranfet@ris
crucial to the success of the proposed procedure.
Nevertheless, we continued with thiansformeddata.
We computed the ExF vector f8=0.7 which implied the
maximal PF distanceinto the transformed dataStarting
from it we ranthe local optimizer of the PF criterion,
which converged to a PRector. Fig.4a shows thénal
solution along theadjusted (reoptimizedor the original

We carriedout anexperiment withfour-dimensional
samplesx=[x; X, X3 X4T drawn from class-conditional

distributions  pKlox)=p(Xy,X2|e)P(X3,Xaled),  =1,2  data) PFvector afterthe 3threduction ofclass separation
constructed from mixtures of normal distributions, i.e.: (seeStep 2 of Section 5.3). Wisund a directionwith

large PF distances of val@®6503, but wemissed the

for classwy : global maximum of the value 0.735%ee Fig.4b).
P(Xy,Xooo1)=1/3N([0 1T,1)+1/3N([5 3] ,1)+1/3N([0 6] 1), Consequently we do not view oprocedure as global

optimization method, but as a tool whialetectssome

= - T T . . . .
P (X3, Xgle2)=1/3N([-3 0I',0.011)+1/3N([0.5 3] 0.011)+ directions with several large local maxima.

1/3N([-0.5 -3],0.01) We ranthe procedurewith Ag2=0.0. After three

for classwy: reductions of class separation waealetected the global
P (X1, Xo|awp)=1/3N([0 3]7,1)+1/3N([5 6] ,1)+1/3N([-5 6T, I) maximum of the PHdistance. The sample distributions
D(Xa,Xa|022) =1/3N([-0.5 3T,0.011)+1/3N([3 O ,0.011)+ along the best discriminardirections are presented in

1/3N([0.5 -37,0.01). Fig.4b.

7. Conclusion
We generated 50 sampleger class (§},=Ny=150).

They were totally separatedalong a vectotlying in the We have presented a method for the linear

(X3:Xg)-plane and directed under amngle of 11" with  giscrimination of two classdsased onthe Patrick-Fisher
respect tothe x-axis. Figl. presents thesphered data in  (PF) distance. Itsucceeded infinding the sequence of
the coordinatesystem spanned onthe original x-axes. directionswith significant discriminant information for a

Because the sphering is not an orthonormal transformatiorsimulation study.

(doesnot preservethe original interpointdistances), the Our methodmplements Friedman's [3jrocedure for
best direction for class separation is no longer inploé recursive optimization, called structure removal The
shown in Fig.1b. main difference of our procedurefor reduction of class

Following the procedure of Sectidh3, wecomputed ~ Separation from Friedman's [pfocedureconsists in the
the ExF discriminant vector f@=0.5, which implied a PF  choice of the density which istransformed. Friedman's
distance ofmaximal value0.3143. Fig.2a. shows the algorithm transforms the mixtur@inconditional) density
class-conditional densities along the latter vecoarting ~ to the normal density while our algorithprocesses the
from it we ranthe local optimizer of the PF criterion, class-conditional densities separately. The latter arises from
which converged to a PFvector shown in Fig.2b. the goal of our method. It is a todbr discriminant
Inspecting the class-conditional densities along ldteer ~ analysis (analysis of samples previougjyouped into
vector (Fig.2b.), weconcludedthat it gains someclass classes) while Friedmanfwocedure isoriented to cluster
separation with respect to the starting ExF vector (Fig.2a).analysis of unclassified samples. _

We iterated by a sequencetbfee reductions of class Our procedure, as isthe case with the stochastic
separationwith Ac2=0.2. Fig.3. showshe dataafter the ~ Smoothing algorithms, may miss some largéstal
reductions were performed. Comparing the transfordatal ~ Maxima including the global one. This was illustrated in
(Fig.3) with the original (Fig.1), weobserved the the computer simulation witho?=0.2. We view this as
following destructuring of the data: desirableand donot think of ourprocedure as alobal

(a) A significant class-overlagnto the (x,X,)-plane optimization method, butather as aimple tool which

wasgained bythe reduction ofclass separatiofFig 3a). ~ detects directions with — “interesting” discriminant

This was adesiredresultbecauseour goal was todeflate information ofn-dimensional data. If the goal is the global

the local maxima of the PF distance in thex®-plane in ~ Maximization of the PFdistancethen morecomplicated
algorithms, like simulated annealing, may leed.



Unfortunately they require many evaluations of the
objective function whicHeads tolong run timesfor high
dimensional data.
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(b)

Fig.1l. Sphered data :
(@) (x1,x2)-plane, (b) (x3,x4)-plane.

@

(b)

Fig.2. Class-conditional densities without
reductions of class-separation:
(a) along ExF vector ( B=0.5),
(b) along PF vector.
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(b)

Fig.3. Transformed data after three reduc-
tions of class separation (A02=0.2):
(@) (x1,x2)-plane, (b) (x3,x4)-plane.

@

(b)

Fig.4. Class-conditional densities after three
reductions of class separation:

(a) AG2=0.2, (b) AG2=0.0.



