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Nonparametric Discriminant Analysis via
Recursive Optirnization of Patrick-Fisher Distance

Mayer E. Aladjem

Abstracr- A method for the linear discrimination of two classes ispresented. It searches for the discriminant direction which maximizesthe Patrick-Fisher (PF) distance between the projected class-conditional
densities. It is-a nonparametric method, in tlie J"rrr. that the densitiesare estimated from the data. Since the PF distance is a highly nonlinearfunctionr w€ propose a recursive optimization procedur. roi searchingthe directions corresponding to several large local maxima of the pF
distance' rts novelty lies in the transformation of the data along a founddirection into data with deflated maxima of the pF distance and iterationto obtain the next direction. A simulation study 

"na 
a medical dataanalysis indicate the potentiat of the method to nna the ,.qu.rr.. ofdirections with significant crass separations.

I. IvrnooucrroN
We discuss discriminant analysis of two classes which is carried

out by the linear mapping r - r?x, x € Rn, r e Rr, n) 2, withx an arbitrary n-dimensional observation, and r a direction vector
(having unit length). The vector r maximizes the patrick-Fisher
(PF) distance [6] which measures the overlap of the class-conditional
densities along r. Unfortunately, the PF distance is not a unimodal
function with respect to r and has more than one maximum. In
most applications [6], t12i, tl8l, the optimal solution called the III. Parnlcr-FrsHER DrsrANcE
PF disciminant vector is searched for along the gradient of the The Patrick-Fisher (pF) distance is [6, pp. 277-2go]PF distance, hoping that with a good startn! O:Ti *" p.o".dur" Gpp(r,[)will converge to the global maximum or at leli to a practical one. - :

Some known techniques such as principal component and Fisher I f lNar -,. M,. 12 \r/z
flilf:il'#lJJlil?1;i1;1-fil'#,'H::?T'":""ff.:-,j'l'jj = 

t/"" lffir("'* r'')- ffia1"*t")l a*j o)
which combines rhem. It is based on 

-an' 
extendea etrirr'ftlj with

discrtminant citerion previously proposed by us [l], tZl. .m, f*f pft, * l.r; ) = _j_ \i_ ___ . | _L , , ,criterion includes a control p**n"t.i for adjusting the criterion to
the classification stru*ure of the specific apprication. Nevertheless, 

nta'z) - iJGNdt *oEr,"*ot#t""t"-*''li')'
the observed maximum of the PFdistance can be merely a local i = 1,2 (2)
maximum' which is far away from the global one in some data the Parzen estimators with Gaussian kernels of the class-conditionalstructures' In this paper we propose a recursive method which densities of the projection, 

"i*. Here, x is an arbitrary observationsearches for seveial large local -u^itu of the PF distance. we are (x € R"), x);'e xa; are cu;-design observations, and I isstimulated in this research by an idea of Friedman, called "structure a smoothing parameter. ihe effective performance of the parzenremoval" [8]' which has great potential, like simulated annealing in estimator (2) is crucially dependent on the value of h. In ourthe field of optimization.120, p' 781. Some preliminary results- of experiments (sections vr..na vul we chose h subjectively [19]. Forour work were presented in [3] and t4l. This paper contains a more routine problems, an automatic choice of the smoothing parameterthorough analysis and more complete results. can be carried out [16, pp. 300-30g], but this is beyond the scopesection II presents a normalization of the dat4 called sphering fgl, of this work.
which is required by the recursive method. In sections IrI and rv we The theoretical motivation of the pF distance is its resultant upperdescribe the PF distance and the ExF criterion and the computation bound on Bayes error along r. It is known that the pF distance inducesof the discriminant vecrors related to them. The new method for an upper bound which iJ l-g". than those of other probabilisticrecursive optimization of the PF distance is presented in'section V. class separability measures Jt-+1. Neverttreless, Gpp(r,h) is moresections vI and VII contain the results and analyzes of a simulation practical, because of its analytical simplification. The simplified formsstudy and an application to medical data. of Gpr,(r, h) and is g.aOi"; t,Crr(r, i) are [6, p.279]
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II. Spsenro Darn
suppose we are given a design (training) set of lrd labeled ob-servations (zr, lr ), (rr, lz_).,. . ., (rtu o, I N")-in n-dimensional sample

Space, zi € Rn, (n
class problem and the label 11 € {rr,.,,2} shows that zi belongsto one of the classes uv ot u2. These labels imply decolposirion
of the set Z a
totheuniqueclasses.LetthedecompositionbeZa
where Z a; contains N a; observations in class labeled by u) i , fori - L,2.For the aim of data sphering [g, p. 251], we p;rforrn an
eigenvalue-eigenvecror decomposition S, : RDR,r of itre foof.asample covariance matrix S, with R and D n x n matrices; Ris orthonormal and D diagonal. we then define the normalization
matrix A - D-r/zgT. The matrix S" is assumed to be nonsingular,
otherwise a dimensional reduction must be done using only the
eigenvectors colresponding to the nonzero eigenvalues tg]. In the
remainder of the paper, all operations are performed on the sphered,
design data X a; : {*, x
and sphered new (arbitrary or test data) x: A(, _ rnr), z / Za
with m" the sample mean vector estimated ove r Z a. For the sphered
data the pooled sample covariance matrix becomes the identity matrixAS"4r - I. Thivimplies that, for any unit direction vector r the
projections T : r?x of the observations x € {Xo, U Xaz} have
unit pooled sample variance.

(122
G\r, h): { 
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T"G(r, h) : t (-l)(i+i)

using (3) and (4) we maximize Gpp(r, h) with respecr to r
by a sequential quadratic programming method t10l available as a
routine EO4UCF in the NAG Mathematical Library (mark 16, or latest
version). It is considered one of the most efficient algorithms among
the existing local optimizers tl7l. In order to search among unit
direction vectors we apply maximization of Gpr (", h) to nonlinear
constraint r"r - 1. The primary goal is to find the global maximum
of Gpr(", h). By a naive use of the optimization algorithm, the
computed value for the observed max{Gpr(", h)} can be merely
a local maximum. The solution depends strongly on the starting
point (vector) of the local optimizer. On the other hand, in some
data structures more than one direction with significant (interesting)
class separations exist. In this paper, we use an extended Fisher
discriminant vector as a starting point because of its adaptation to the
data structure under variations of a control parameter (Section IV). In
order to search for several large local maxima we propose a method
for recursive optimization of Gpp (", h) (Section v).

IV. ExrEuoEn FrsHBn CnlrERroN

The extended Fisher (ExF) criterion [1], t2l is a generalizatron of
Malina's discriminant criterion tl5l, i.e.

Gn*r (r,,9) - [tt - p)r' Br * plr' s(-)"1] [rts-r] ',
0< p< 1. (5)

Here, r is the direction vector, p (0
parameter, B
class scatter matrix with rrr; the class-conditional sample mean
vectors, S(-) : Sr - Sz or Sz - Sr with S; the class-conditional
sample covariance matrices for f - 1,2 and Sw _ (I[ar /]ya)Sr *
(lVor/IVa)Sr, the pooled within-class sample covariance matrix. All
matrices are computed for the sphered design data sets xa i, i : L,2.
In (5) the symbol S(-) implies two forms of the criterior GB*r, (r,0.
The ExF discriminant vector, which maximizes Gp*r. (r, g), ls the
eigenvector colresponding to the largest eigenvalue of the matrices
s# [(1 - p)B + p(s, - sr)] and s# tr r --p)B + g(sr- sr )1. rhe
criterion Gp*p (r,, g) is an extension of the most widely used criteria
based on the scatter matrices which are obtained by introducing
special values of P [1], t2l. This "universality" of the ExF criterion
is our reason for expecting that the ExF discriminant vector can serve
as a "good" starting point of the local optimizer of PF distance.

An appropriate value of the control parameter {3 is not known
in advance. We search for it using a trial and error procedure. Our
approach to model selectio,n is to choose a suitable starting point of
the local optimi zer of the PF distance and to search for the value of
B which maximizes the PF distance (1) along the ExF discriminant
vector. This gives rise to a problem of parameter optimization. Our
strategy for solving it is to choose the grid of values in the interval
(0s p
to choose the value with the largest PF distance as the B-value. Our
experience is that a uniform grid with I I values (step-size 0.1) is
suitable.

v. REcunsrvE opuMrzATroN oF THE pF DTsTANCE

The proposed recursive method consists of obtaining a pF dis-
criminant vector, transforming the data along it into data with

greater overlap of the classes (smaller PF distance), and obtaining
a new PF discriminant vector. Like Friedman t8l we transform the
densities along the direction with observed maxima into normal
densities. The justification of the normal density assumption was
made precise by Diaconis and Freedman [7]. They proved that most
one-dimensional projections of high-dimensional data are approxi-
mately normal. Consequently the normal density assumption is more
appropriate for data with higher dimension. Following Huber t13l
and Friedman t8l we describe the method in its abstract version
based on probability distributions. This makes some of the notation
simpler. The application to observed data is obtained by substituting
an estimate of the distributions over the design sets X at and, X a2.

A. Reduction of the Class Separation Along the pF Vector

In this section we describe an algorithm for reduction of the class
separation along a direction with a local maximum of the PF distance.
The idea is to transform the projected class conditional densities
to normal densities in order to deflate that maximum. Let r be a
vector which defines a direction with a maximum of the PF distance.
Assume that U is an orthonormal (n x n) matrix with r as the
firstrow.Thenapplyingthelineartransformationt
in a rotation such that the new first coordinate of an observation x
isT1:,?*.WedenoteothercoordinatesaST2,T3l...;Tn(t
lrr r, . . . rn]t). Let p"(r1 | ,o), i - L,2 be the class-conditional
densities along r and turw;. o?l-o their means and variances. In order
to reduce the class separation along r we require a transformation that
takes the class-conditional densities along r to normal densities, but
leaves all other coordinates z.2, Tr; . . . ; Tn unchanged. Let q be a
vector function with components Qt,, ez, . . . ; gn that carries out this
transformation: r{ : qr(rt) with r{ having normal class-conditional
distributions and r;
identity transformations. The function gr is obtained by the percentile
transformation method:

-for observations x from class arl

u(r) - [o-'(F"(', l rr))] ("3r_, * Aa
* (m"l-, - Amt);

-for observations x from class ezl

u(v) - [o*'{r}1" I or))] (""tr -, i Lo
* (-" Wz - Lmz);

xai€X ai

Ij (4)

4

X

X

2)r/2

(6)

2)r /2

(7)

where Lo2,, Lmt, Lrrlz are user-supplied parameters, F"(rl 
I,o) is the class-conditional (cumulative) distribution functions

along r for i - 1,2 and q-t is the inverse of the standard
normal distribution function Q. Finally,

x' : LIrq(Ux) (8)

transforms the class-conditional densities along r to be normal
densities ?" (zr I ,o) - ,Arr (*rWt - A,m;, o?l_n * Lo2 ) leaving
all orthogonal directions unchanged.

Now we are confronted with the problem of defining the values
of . the user-supplied parameters Lo2 , L^r and L,mz. If we set
A,oz - 0 and A,mi : 0, i - 1,2 we make minimal changes of the
data in the sense of the minimal relative entropy distance measure
between the original and transformed class-conditional distributions
[8,p.254],[13,Lemma|2.4,p.456].Ifo!p*.Lo2
ffirl-t, A,mi - 0, i - I,2 we apply our previous method for
successive optimization of discriminant criteria [5] which transforms
the class-conditional densities along r to .Arr(0, 1) and results in full
overlap of the classes along r. This certainly eliminates the local
maximum of the PF distance along r, but it causes large changes of
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the distributions of the transformed data x/ (8) in some applications.
1Ve refine our previous proposal [5] while keeping the data structure
of x' as close as possible to the original one. For this purpose (in
our algorithm, Section V-B) we search for the smallest values of the
parameters L,oz , L^r, Lmz that result in a deflated pF distance
along r. We start our search with Lo2 - 0 and Lmt - 0, i = !,2
(minimal changes of the data) and then we make trials increasing the
values of L,o2 in the interval (0 < A,o2
(+ or -) of the change (*Ao2) in order to approach the value of
o?Wn *. L^o2 to 1. We assign the latter value to I if it crosses l.
For each Loz we compute the values of L^mr and Lmz using the

"T::"'"T:ffifonur mean

P(rt)(*,I-r - Lmt) + P(rr)(*,wz - Lmz) :0; (9)

-unconditional 
variance equal to one

P(rr) [("3r-, * Ao') + (^,1-r - a,mr)']
* P(,'t2) l(""'f -, * A,o2) + (^,1-z - X*r)rl - 1; (10)

with P (, o) the a priori probabilities of the classes (D i , fori - r,2.

B. Recursive Optimization Procedure

The computation procedure of the sequence of PF discriminant
vectors is as follows:
Initialization:

Lo2
sphered design samples.
Step l: Reduction of the class separation

1.1. Using the sample {Xr U Xz}, compure the ExF vector with
the largest PF distance (see Section IV).

1.2. Starting from the ExF vector , search to a convergence
point by using a local maximizer (NAG routine EO4UCF)
of PF distance. The direction vector after convergence of the
maximizer is a current pF vector denoted by 

". Save it.
1.3. Reduce the class separation along r: Obtain an estimate

of fl(r1 | ,o) over the projections 11 : r?x of design
observarions x € Xt for i - I,2 [g, p. 254). Substitute
the estimare of 4(rr | ,o) for i - L,2 into (6) and (7).
Transform x € {Xr u Xz} using (8) and obtain new design
sets X{ and X!2 with reduced PF distance along r. Assign
the new sets to be the current sample sets, i.e. xr - x,L and
Xz

I.4- If only one PF vector has been computed repeat above steps
1.1_1.3.

Step 2: Adjust (reoptimize) the pF vectors
Starting from PF vectors obtained in Step 1.2, search to the

convergence points of the local optimizer of the PF distance for
the original sphered data X ar, X az. The direction vecrors after
convergence of the algorithm are the adjusted PF vectors. Save them.
Step 3: Update the value of L,o2

Compare the class separation along the last two adjusted pF
vectors, i.e. compare the PF distances and the class-conditional
densities along them.

-If the class separation along the last two adjusted pF vectors is
approximatelyequal,increaseLo2:L,o2Lo2*6,e>
(Here, L,o2

-Otherwise assign A,o2

Repeat Steps l-3.
We stop the iterations if several adjusted PF vectors with different

class separation along them are obtained. We regard the vectors

with the largest PF distances among all the adjusted PF vectors as
"interesting" solutions (see Section Vll-Experiments with real data
set).

VI. SrvrularroN Sruoms

A. Comparative Study of Friedmen's "structure Removal,, and
our Procedure for Reduction of the Class Separation

The main difference of our proposal for reduction of class separa-
tion (Section V-A) from Friedman's [8] "structure removal" consists
in the choice of the density which is transformed. Friedman's algo-
rithm is oriented to cluster analysis of unlabeled (unclassified) data.
Applied to the labeled observations from two classes, it transforms
the unconditional (mixture) density function p"(() _ p(r,,)p"(( 

|arr) * P(rr)p"( C l rr) along a direction vector r (( : r?*j-to ttre
standard normal density leaving all orthogonal directions unchanged.
Our procedure separately transforms the projected class-conditional
densities p"(C | ,n), i - L,2 to normal densities leaving all
orthogonal directions to r unchanged. We carried out an experiment
in order to illustrate the difference between Friedman's algorithm
t8] and our procedure. The samples for two classes of the sample
sizes I'{ar - Ir{az : 150 were drawn from two-dimensional normal
mixtures:

for class crti

P(rrt 12

for class LDzi

P(rr;12

I ,,) : t/3r,r([0 L], ,I) + 1/3,^r([5

+ 1/3rr([o 6]t, r),

| ,r) : 1/3,^r([o 3]t, r) + 1/3,^,r([5

+ rl3r't(t-5 6lt, r).

3]t, r)
(11)

6]t, r)
(r2)

Here, IV (ln F7)' ,I) denotes bivariate norrnal density with a mean
vector [p1 pr]' and an unit covariance matrix. Fig. 2(a) presents
the sphered data (see Section II). We computed the PF distances for
9I equally angled directions into the (*r,rz)-plane. The result is
shown in Fig. 1. The dotted path (3-.-.-" presents the PF distances
for the vectors r directed under the angles 0o,,2o,4o, 1g0o with
respect to rr -axis. The angles 50o and l42o imply the local maxima
of the PF distances. We applied Friedman's and our procedures along
the direction under 50". Then we computed the PF distances for the
transformed data sets for the same 91 directions as previously. The
dashedpath "---" of Fig. 1presents the PFdistances afterFriedman's
"structure removal" and the solid path 6( 

- " the PF distances after
our procedure for reduction of the class separation usin g Lo, - 0
(see Section V-A). Friedman's algorithm preserved the classification
structure of the data because the PF distances were approximately
the same for the original ("-.-") and the transformed (..- -") data.
It didn't deflate the local maximum along the direction under 50o.
Our procedure eliminated the maximum at 50o. It caused destruction
of the data which implied a unimodal shape of the PF distance (path('-)' of Fig. 1). The unique maximum of the transformed PF distance
('6-") was close to the global maximum of the original PF distance
("-'-':). Our procedure exactly preserves the data in the subspace
orthogonal to the direction which is the object of the reduction of
the class separation (see Section V-A). In the case discussed here,
we have not changed the data along the direction under 140o.In fact,
we obtained approximately the same shapes of the paths ..-,, and('-'-" in the range I40" * 65o. Therefore our procedure preserved the
original classification structure in the latter range. In this experiment
we eliminated the local maximum at 50o using the optimal normal
approximation of the class-conditional densities (Lo, : O-see
Secfion V-A). For other data a local maximirm can be deflated using
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Onall v.s

ooc
(u

.9
Y 0.2
lJ.
(L

class separation is no longer in the plot shown in Fig. 2(b). Following
the procedure of Section V-B, w€ computed the ExF discriminant
vector for p - 0.5, which implied the maximal PF distance 0.3143.
Fig. 3(a) shows the class-conditional densities along the latter vector.
Starting from it we ran the local optimizer of the PF distance, which
converged to a PF vector shown in Fig. 3(b). Inspecting the class-
conditional densities along the latter vector tFig. 3(b)1, we concluded
that it gains some of the class separation with respect to the starting
ExF vector [Fig. 3(a)]. We iterated by a sequence of three reductions
of the class separation with L^o2
effect of a "large" value of the user-supplied parame ter A,o2. Fig. 4
shows the data after the transformations were performed [see (g)].
Compating the transformed data (Fig. a) with rhe original (Fig. 2),
we observed the following destructuring of the data:

o I significant class overlap into (*r,rz)-plane tFig. 4(a)] was
gained by this sequence of the reductions of the class separation.
This was a desired result because our goal was to deflate the local
maximum of the PF distance in the (*r,,rz)_plane in order to
direct the searching procedure to the (r3 , r+)-plane with larger
maxima.

' Some moving away of the encircled clusters in the (*r,*n)-
plane [Fig. 4(b)] was caused by the reduction of the class
separation. This is not a desired effect. It is a consequence of the
"large" value of Lo2 (Lo,
(L*o) of the classes. This result shows that a careful selection
of the user-supplied parame ter Lo2 is crucial to the success of
the proposed procedure.

Fig. 5(a) shows the final solution along the adjusted (reoptim ized
for the original data) PF vector after the third reduction of the class
separation. We found a direction with large PF distance 0.6503, but
we missed the global maximum of value 0.7353 [see Fig. 5(b)].
Consequently we do not view our procedure as a global optimization
method, but as a tool which detects some directions with several large
local maxima. We ran the procedure for recursive optimizatron with
A'o2 - 0.0. After three reductions of the class separation we detected
the global maximum of the pF distance tFig. 5(b)1.

VII. ExpERTMENTS wrrH e RE.q.l Dera SEr

The data concerning the medical diagnosis of the neurological dis-
ease cerebrovascular accident (CVA) contains pathologo-anatomically
verified CVA cases: 200 cases with hemorrhages and 2A0 cases
with infarction due to ischaemia. Twenty numerical results from
a neurological examination were recorded for each CVA case t l ].In order to eliminate the small pooled variances of the data we
used eight largest eigenvalues in the decomposition of the pooled
sample covariance matrix (see Section II). Subsequently we reduced
the dimensionality of the sphered dara to eight.

A. Recursive Optimization

Following the recursive optimization procedure (Section V-B), we
computed the ExF discriminant vector for P - 0, which implied
a PF distance of maximal value 0.5046. Starting from it *. ,un
the local optimizer of the PF distance, which converged to a pF
discriminant vector with PF distance 0.8013. The class-conditional
densities along the obtained discriminant vectors are shown in Fig. 7.
The class separation was increased significantly along the pF vector
[Fig. 7(b)]. Actually, this was the best result obtained in our srudy.
In order to monitor the progress of our procedure we specified the
coordinates of the sphered data which implied the class discrimination
along the PF vector. They are the eighth, third, fourth, second, and
seventh coordinates colTesponding to the components of the pF vector
with dominant values [see Fig. 7(b)]. We decided to moniror the

0 15 30 4s 
3?",r.,1"t oi,.33tion l3:r,":3i 

135 150 165 180

Fig. 1. PF distance for various directions into (*r,22)-plane: -.-.- original
sphered data; transformed data by Friedman's ,,structure 

removal,,; --transformed data by the procedure for reduction of the class separation.

a departure from optimality (Lo,
data destructuring and the range of the preserved data structure will
be decreased. The proposed procedure in Section V-B preserves the
data as much as possible after reduction of the class separation. For
this purpose it searches for the smallest value of Ao2 which directs
the local optimizer to a new maximum of the PF distance (Step 3 of
Section V-B). It seems reasonable to search for other (non-normal)
density transformations which deflate the PF distance and cause less
destructuring of the data. This is the object of our current research
and it is beyond thc scope of this work.

B. Recursive Optimization Apptied to the Class-Conditional
Distributions with Heavy Thits

In this experiment we studied our procedure for data which
is highly unfavorable to it. We used data with significantly non-
normal class-conditional distributions. Such distributions differ from
the normal, mainly in the tails. We carried out an experiment
with four-dimensional observations x - l*, *, *, *n), drawn from
distributions p(xl r ) - p(*r,*, l ro)p(*r,*n l ro)',i: I,2.Here
the densities p(rrt t2 | ,n), i : L,2 were the same as in the previous
experiment [see (11) and (12)] and rhe densities p(rr,rn | ,o),,i - I,2 were with heavy tails. The latter were constructed with
the following mixtures of normal distributions:

for class LDrl

p(rs, rq | ,r )

- rlsi{ (t-3 01t,0.01r) + 1/3r,r([0.5 3Jt,0.01r)
+ 1/3t{ ([-0.5 -3]r, o.o1r);

for class ezi

p(rs, r+ | ,r)
- 1 /zIv([-0.5 3Jt,0.01I) + 1/3,^,r(t3 0]r,0.01I)

+ L/3Ar([0.5 _3], ,0.01r).

We generated 150 points per class (ffa, - Ir{az - 150).The classes
were totally separated along a vector lying in the (*r, nq)-prane and
directed under an angle of 11o with respect to rs_oxiS.Fig. 2 presents
the sphered data in the coordinate system spanned on the original r; -
ij'\is. Because the sphering is not an orthonormal transformatibn (does
not preserve the original interpoint distances), the best direction for
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Fig. 2. Sphered data: (a) (r L t t2)-plane and (b) (rr,r+ )_plane.

results using plots spanned on the third and fourth, and seventh and
eighth coordinate-axes. Fig. 6 presents the data in these plots. We
iterated by a sequence of reductions of the class separation in order to
search for other directions with discriminant information. Following
the proposed procedure we started trials with small values of Lo2 .

We iterated with A,o2 : 0.0,0.0,0.1,0.2 in the first to the fourth
reductions, respectively. The adjusted PF vectors for this sequence
converged to the result of the first trial tFig. 7(b)1. Conseqientty
these trials didn't direct the procedure to a new local maximum of
the PF distance. We decided to continue with stronger reductions
(larger values of Lo'). we iterated with a,oz : 0.3, 0.4, 0.5,
0.6 and observed the adjusted pF distances 0.447s,0.349g, 0.4lzg,
0'5069 in the fifth to the eighth trials. Fig. 8 shows the rransformed
data after the fifth reduction of the class separation. The presented
destructuring of the data (with respect to rhe original daia Fig. 6)
directed the optimization procedure to maxima different from theinitial solution. The eighth iteration implied an "interesting,, result.
We analyzed the discriminant information gained by the pF vector
at this trial with respect to the best pF vecror tFig. 7(b)1. For rhis
purpose we projected the original data on to the plot spanned on
the latter vectors (Fig. 9). We detected a cluster (the encircled area
u:' Fig' 9) of large (nearly full) overlap of the classes. The other
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Fig. 3. Maximal class separation without reduction of the class separation:
(a) along ExF vector (9 = 0.5, PF disrance 0.3143) and (b) along pi vector
(PF distance 0.3220.

clusters define areas with a dominant number of the cases from one of
the classes. We found that the two-dimensional presentation (Fig. 9)
gains less class overlap compared with the one-dimensional projection
shown in Fig. 7(b). We concluded that the PF vector at the eighrh
iteration adds "new" discriminant information to the best solution
and consequently the obtained two-dimensional mapping may be a
suitable choice for allocation of the cvA cases.

We assessed the discriminant performance by the design samples
(samples used for computation of the PF vectors). Subsequently we
carried out a resubstitution valuation of this perforrnance. It is known
that this approach leads to an optimistic result. In order to assess
the actual allocation accuracy one has to estimate the probabilities
of misclassification and rejection using "extra" (test) samples (see
holdout and bootstrap methods [6], [9], t16l). Moreover, one could
make trials with various values of the smoothing parameter h in the
Parzen estimat or (2) and could carry out a larger number of iterations
with various values of Aa'. The latter detailed analysis of the CVA
data is outside the scope of this paper. Our goal was to demonstrate
that our procedure detected "interesting" directions which are worth
examining for allocation of the CVA cases. We discussed a sequential
procedure for selection the discriminant vectors. It seems more
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reasonable to make a one-shot search for m discriminant vectors
(1

the PF distance into the subspace spanned on these vectors [6, pp.
277-280]. In the latter case we have to maximize over nt.xn instead
of n variables in the sequential approach. It is known [17, p.591]
that the computational complexity of the local optimizers is very
high for more than 200 variables. Therefore the sequential approach,
discussed in the paper, is an attractive choice for n-dimensional data
with n

B. optimization without Reduction of the class separation
The goal of these experiments was to examine the usefulness of

the reduction of the class separation. For this purpose we compared
the result of the previous section with the results of other trials for
optimization of the pF distance of the cvA data.

I ) ExF Initialization of the Local Optimizer: We maximized
(with no reductions of the class separation) the pF distance of
the CVA data starting the local optimizer from the ExF vectors used
in the previous experiment (ExF vectors for p: 0.0, 0.5, 0.7,1.0).
After convergence of the local search we observed the pF distances
0.8013 for p: 0.0, 0.5, 0.7 and 0.4436 for p: 1.0. The values
lJ - 0'0, 0.5, 0.7 implied the best solution obtained in Section VII-A

$
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PF-vec. (-0.1065 0.05494 0.7159 0.6879)

(a)

-2 :1.5 _1 _0.5 0 0.5 1 1.5 2
PF-vec. ( -0.09443 0.08461 0.9666 -O.ZZZS)

(b)

Fig. 5. Maximal class separation of the original data along the adjusted pF
vectors after three reductions of the class separation: @) Ao2 _' 0 .2, pF
distance 0.6503 and (b) Lo2 - 0, pF disrance 0.7353.

[Fig. 7(b)]. This was not a surprise because our procedure found this
solution at the iteration without reduction of the class separation.
The value of B - 1.0 implied the local maximum of value 0.4436,
which was less than the value of 0.5069 found by our procedure at
the eighth iteration.
2) Principal Component Initialization of the Local Optimizer: We

maximized (with no reductions of the class separation) the PF distance
starting the optimizer from the principal component directions of the
CVA data. Since we are working with the sphered data, its coordinate
axes are in fact the principal component directions when referenced to
the original data [8, p. 256]. In our experiment with the CVA data we
used eight principal components- eight eigenvectors corresponding
to the largest eigenvalues of the pooled sample covariance matrix.
They were ordered in increasing eigenvalues, i.e. the eighth axis
colresponds to the largest eigenvalue. We observed the PF distances
0.2169, 0.2055, 0.3291, 0.3100, 0.4468,0.3969, 0.3699 and 0.g013
at the convergence points of the local optimizer starting from the first
to the eighth axes of the sphered data. The eighth axis (the principal
component corresponding to the largest eigenvalue) implied the best
solution of our procedure tFig.7(b)1. This is not surprising, seeing
that the PF vector of this solution has a dominant value 0.8139 for
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Coordinate 7

(b)

lig' e' Sphered CVA data: (a) along third and fourrh coordinare axes and(b) along seventh and eighth coordinate axes.

its eighth component. Other axes implied values of the local maxima
which were less than the PF distance 0.5069 observed at the eighth
iteration of our procedure.

Finally, our procedure for recursive optimization managed to find,
at the eighth iteration, the direction with a large pF distance of the
CVA data, which was not achieved by the ExF and the principal
component initializations of the local optimizer.

VI[. SunaueRy AND CoNcr-usroN

We have presented a method for the linear discrimination of
two classes based on the Patrick-Fisher (PF) distance. Since the
PF distance is a highly nonlinear function, its optimization was
carried out using a recursive method. Just like any other projection
pursuit procedure [8], [13], our method searches for the discriminant
directions corresponding to several large local maxima of the pF
distance' The proposed method succeeded in finding the sequence of
directions with significant discriminant information for a simulation
study and a medical application considered in Sections VI and VII.our recursive optimization procedure was more effective than the
algcrithms with the ExF and the principal component initializations
of the local oprimizer (Section Vif-el.
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(a)

-2 -1.5 -1 -0.5 o 0.5 1PF-vec. ( 0.05835 -0.1084 -0.so5g 0.2247 0.00250i -0.02999 -0.1057 -0.8139)
(b)

Fig' 7 ' Maximal class-separation without reduction of the class separation
(CVA data): (a) along ExF vector (g:0, pF distance 0.5046) and (b) along
PF vector (PF distance 0.8013).

Our method implements Friedman's t8] procedure for recursive
optimization, called "structure removal." We summarize the main
features of this implementation.

' As in Friedman's procedure we transform the densities along
the direction with an observed maximum into normal densities.
We said in Section VI-A that, depending on the conrext, other
(non-normal) density transformation may serve better for the
recursive optimization. Nevertheless, the normal transformation
implied successful results for the experiments presented in the
sections vI and vII. They were carried out, purposely, for data
highly unfavorable for the normal assumption- low dimensional
data with highly structured classes (four- and eight-dimensional
data with heavy tails of the class-conditional densities).

' The main difference of our procedure for reduction of the class
separation from Friedman's t8] "structure removal" consists in
the choice of the density which is transformed. Friedman,s
algorithm transforms the mixture (unconditional) density to
the normal density while our algorithm processes the class-
conditional densities separately. The latter is caused by the

. goal of our method. It is a tool for discriminant analysis
while Friedman's procedure is oriented to cluster analysis of
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Fig. 8. Transformed CVA data, after the fifth reduction of the class separa-
tion: (a) along third and fourth coordinate axes, (b) along seventh and eighth
coordinate axes.

' Our procedure, as is the case with the stochastic smoothing
algorithms [11], may miss some largest local maxima including
the global one. This was demonstrated in Section VI-B for the
computer simulation with A,o2 - 0.2. We view this as desirable
and do not think of our procedure as a global optimization
method, but rather as a simple tool which detects directions with
"interesting" discriminant information of n-dimensional data. If
the goal is the global maximization of the PF distance then
more complicated algorithms, like simulated annealing and other
global optimizers, may be used. Unfortunately they require many
evaluations of the objective function which leads to long run
time. The sequential quadratic programming routine Eg4UCF in
NAG, used by us as the local optimizer, was viewed by many
users as the best one when the number n of the variables of
the optimized function is less than two hundred U7, p. 5911.
For larger problems (n
optimizer tlTl may be used.
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unclassified samples. We demonstrated the difference between
Friedman's and our algorithms in Section vI-A.

Class 1 +
Class 2 o

#+++
+ J+'

.t-*

t+
'!F +'++

o
o

f

+

*+

ffitI

+T

t-+
*f+'+

e
s
VU

o

"S-o

ou 

r']]]3, $#." a.g,9 $j

ly

32t-343,1991.
t2] , "Multiclass discriminant mapping s," Signal

pp. 1-18, 1994.
Processing, vol. 35,

t3] , "Two class pattern discrimination via recursive optimization of
Patrick-Fisher distance," in Proc. I3th Int. Conf. Pattern Recognition,,
1996, vol. 2, pp. 60-64.

14) , "Nonparametric discriminant analysis applied to medical diagno-
sis," in Proc. 19th Convention Electrical Electronics Engineers Israel,
1996,, pp. 422425.

t5l M. E. Aladjem, "Linear discriminant analysis for two classes via
removal of classification structure ," IEEE Trans. Pattern Anal. Machine
Intell., vol. 19, pp. 187-192, 1997 .

t6l P. A. Devijver and J. Kittler, Pattern Recognition: A Statistical Ap-
proach. London, U.K.: Prentice-Hall, 1982.

I7l P. Diaconis and D. Freedman, "Asymptotics of graphical projection
pursuit," Ann. Statist., vol. 12, pp. 793-815, 19g4.

t8] J. H. Friedman, "Exploratory projection pursuit," J. Amer. Statist. Assoc.,
vol. 82, pp. 249-266, 1987.

t9] K. Fukunaga, Introduction to Statistical Pattern Recognition,2nd ed.
New York: Academic, 1990.

t10l P. E. Gill, w. Murray,A.S. Michael, and M. H. wright,.,I_Jser's guide
for NPSOL (version 4.0), Tech. R"p., Syst. Optim. Lab., Stanford dniv.,
Stanford, CA, 1986.

t 1 1l P. Gilmore and C. T. Kelley, "An implicit filtering algorithm for
optimization of functions with many local minima," StAlrt J. Optim.,
vol. 5, pp. 269-285, 1995.

l,l2) A. Hillion, P. Masson, and c. Roux, "A nonparametric approach
to linear feature extraction; Application to classification of binury
synthetic textures," in Proc. 9th Int. Conf. Pattern Recognition, 1988,
pp. 1036-1039.

t13] P. J. Huber, "Projection pursuit," including siscussions, Ann. Statist.,
vol. 13, pp. 435-525, 1985.

Il4l T. Lissack and K. Fu, "Error estimation in pattern recognition via
Io -distance between posterior density function s," IEEE Trans. Inform.
Theory, vol. IT-22, pp. 3445, 1976.

t15] W. Malina, "On an extended Fisher criterion for feature selection." IEEE" Trans. Pattern Anal. Machine Intell., vol. 3, pp. 611-614, 1981.
t16l G. J. Mclachlan, Discriminant Analysis and Statistical Pattern Recog-

nition. New York: Wiley, 1992.
tI7) W. Murray and F. J. Prieto, "A sequential quadratic programming

algorithm using an incomplete solution of the subprobl"*,'i SIAM J.
Optim., vol. 5, pp. 590-640, 1995.

t18] E. A. Patrick and F. P. Fisher II, "Nonparametric feature selection,"
IEEE Trans. Irfor*. Theory, vol. IT-15, pp. 577_594, 1969.

t19l B. W. Silverman, Density Estimation for Statistics and Data Analysis.
London, U.K.: Charman & Hall, 1986.

I2O1 J. Sun, "Some practical aspects of exploratory projection pursui t," SIAM
J. Sci. Comput., vol. 14, pp. 68-80, 1993.

1.9
@
o
(o
C.
€l
oo
C)

0.1

1.2

c
.9
(U

(E
o
o
v,

ao
C'
(J

o

o
c
.9
o
=lt
o

€o

o

ct

o
oq)

LL
o-

Class 1 +
Class 2 o

.d :p. ji1.r.,i:; . 
* 

+

,44%q++1$:i:= 
d

** ;""r.i' ?fF{J|"+
oo $


