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Linear Discriminant Analysis
for Two Classes via Removal
of Classification Structure

Mayer Aladjerh

Abstract—A new method for two-class linear discriminant analysis,
called “removal of classification structure,” is proposed. Its novelty lies
in the transformation of the data along an identified discriminant
direction into data without discriminant information and iteration to
obtain the next discriminant direction. It is free to search for
discriminant directions oblique to each other and ensures that the
informative directions already found will not be chosen again at a later
stage. The efficacy of the method is examined for two discriminant
criteria. Studies with a wide spectrum of synthetic data sets and a real
data set indicate that the discrimination quality of these criteria can be
improved by the proposed method.

Index Terms—Exploratory data analysis, dimension reduction, linear
discriminant analysis, discriminant plots, structure removal.
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1 INTRODUCTION

To obtain a visual representation of high dimensional data, we
mus‘f reduce the dimensionality, and for data visualization two-
dimensional representations (scatter plots) are most useful [5],
[13]. In this paper we discuss discriminant analysis for two classes
[12]. Scatter plots intended for discriminant analysis are called
discriminant plots. Our consideration is limited to plots obtained by
the linear mapping y = [r,, rz]Tx, x € R", y e Rz, n > 2 with x an
arbitrary n-dimensional observation, and 1y, r, direction vectors
(each having unit length). Vectors ry, r, which optimize a discrimi-
nant criterion are called discriminant vectors.

We discuss two classes of discriminant criteria, namely, the
extended Fisher criterion previously proposed by us [1], [2] and
the nonparametric criterion proposed by Fukunaga [8]. Our goal is
to assess the discrimination qualities of the vectors r; and r, ob-
tained by successive optimization of these criteria. In the past, two
methods for successive optimization were applied. The first
method uses orthogonal constraints on the discriminant vectors. It
is called ORTH in this paper. The second method does not so con-
strain the discriminant vectors. It is called FREE. Our experience
shows that method FREE does not always create new discriminant
information along the second discriminant vector r,. In order to
include new information in 1, method ORTH is used [9], [13], but
it is known [5], [8], [13] that orthogonal directions do not always
suffice; directions containing information for class separation may
be oblique to each other. _

In this paper, we propose a new method which is better than
FREE and ORTH. 1t is free to search for discriminant directions
oblique to each other and ensures that informative directions al-
ready found will not be chosen again at a later stage. Some pre-
liminary results of our work were presented in [3]. This paper
contains a more thorough analysis and more complete results.
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In Section2 we describe a normalization of the data which
simplifies expression of the criteria. Section 3 presents the criteria
and their successive optimization by the methods FREE and
ORTH. The new method, called REM, is presented in Section 4.
Section 5 contains the results and analyses of comparative studies
of the methods.

2 NORMALIZED DATA

Suppose we are given an original set of N labeled observations
(z1, L), (2, 1), ..., (zy, Iy) in n-dimensional sample space: z; € R",
(n>2),j=1,2, .., N. The label li € {@;, w,} shows that z; belongs to
one of the classes w, or w,. These labels imply a decomposition of
the set Z={z,, z,, ..., zy} into two subsets corresponding to the
unique classes. Let the decomposition be Z=Z, U Z,, where Z,
contains N; observations in the class labeled by o, fori=1, 2. Our
aim is to assess discrimination qualities of discriminant plots. For
this purpose we divide each Z; into design (Zy) and test (Z;; ) sets
(see Section 5). Using Z;; we obtain direction vectors r; and r, de-
fining the discriminant plots. We then project Z; on to the plots
and compute the error rates of a nearest neighbor (NN) allocation
rule applied to the test data.

Let Ng; and N, denote the number of design and test observa-
tions for class w; Ny =Ny;+Ny, and N; =Ny + N, are the total
numbers of design and test observations. We arrange that the de-
sign and test sets preserve the data-based relative frequencies, i.e.,
Ngi/Ng = Ny/N, = N;/N. To normalize ([8], p.470; [12], pp-193-
194), we perform an eigenvalue-eigenvector decomposition
S,=RDR" of the pooled within-class sample covariance matrix
S: = (Na1/Na)S; + (Ng2/NyS,, with S, the class-conditional sam-
ple covariance matrices estimated over the design data Zy; fori=1,
2,and Rand D nxn matrices; R is orthonormal and D diagonal.
We then define the normalization matrix A = D"/?R". The matrix
S is assumed to be nonsingular, otherwise a preliminary dimen-
sional reduction of the original data must be carried out or an
augmented covariance matrix from S, must be computed and used
instead [10].

In the remainder of the paper, all operations are performed on
the normalized design data Xy = {x: x=Az, z € Zy) and normalized
test data X, = {x: x= Az, z € Zgl fori=1,2. The pooled within-class
sample covariance matrix estimated over Xii becomes the identity
matrix AS,A" = I This implies that, for any unit direction vector r,
the projections 1 = r'x of the normalized design observations x e
{Xa1 U X} have unit pooled within-class sample variance.

3 DISCRIMINANT PLOTS OBTAINED
VIA THE METHODS FREE AND ORTH

3.1 Extended Fisher Discriminant Plots
(ExF_FREE and ExF_ORTH)

The extended Fisher (ExE) criterion [1],[2] is a generalization of Ma-
lina’s discriminant criterion [11],i.e.,

Gylr, B) = (1= B)r'Br + B 'S, 0< P <1 ¢
with direction vector r, control parameter 3 and

2

B = (m; -m,) (m; - mz)Tz

s7=s,-S,0r,8,-5, ®

Here, B is the sample between-class scatter matrix, m; are the class-
conditional sample mean vectors and S; are the class-conditional
sample covariance matrices, computed for the normalized design
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data sets Xy, i =1, 2. In (1), the symbol S(')'implies two forms of
the criterion Gp(r, B).

The ExF discriminant vector maximizes Gp(r, B). It is the eigen-
vector corresponding to the largest eigenvalue of the matrices (1-

B)B + B(S; - Sy and (1 - B) B + B(S, - S;). We obtain the sequence

of ExF discriminant vectors ry, Iy and Tygee 1) by successive op-
timization of Gy(r, B) for three specific values B, Byonn and Batree)
of the control parameter B. The vector r, is obtained by optimiza-
tion of Gy(r, By); Tyony is computed by method ORTH: Iy maxi-
mizes Gu(r, Baorny) With ryem constrained to be orthogonal to rj;

and Iy is obtained by method FREE: first we calculate Iygee

that maximizes Gp(r, Basreey) then we obtain the vector Iygees) or-
thogonal to r; and lying in the plane spanned by the vectors r; and
ey (external orthogonalization [13]). The plot with discriminant
vectors 1y, Iy 1S named ExF_ORTH, and the plot defined by r;,

Ty(treey) is Named ExF_FREE.

Appropriate values for By, Byorn and Bygee) are not known in
advance. We search for them using a trial and error procedure.
Our approach to model selection is to choose the values of B that
minimize the error rates of a NN allocation rule applied to the
projections of the design data on to the discriminant plots. First we
choose the value B; which minimizes the error rate of the projec-
tions of the design data on to the straight line with direction r;.
After that we obtain By and Bagree) to minimize the error rates of
the projections of the design observations on to the plots
ExF_ORTH and ExF_FREE respectively. This gives rise to three
problems of parameter optimization. Our strategy for solving
them is to choose a grid of values in the interval (0 < B<1), to cal-
culate the error rates for each value and then to choose the values
with the smallest error rates as B, Baorim) and Bagree). Our experience
is that a uniform grid with 21 values (step-size 0.05) is suitable. A
possible refinement of our method would be to assess the error
rates by cross-validation (see Friedman [6] and Krzanowski et al.
[1oD.

We calculate error rates using the 2NN error-counting procedure
[71. Let y, y1, y, be one- or two-dimensional projections of three
observations of the examined data where y;, y, are 2NNs of y
among all projections. The 2NN procedure misclassifies y when y
€w; buty;, y, € wy, ory e w, buty, y, € 0. No error is counted
when the two NNs belong to different classes. We use Euclidean
distance to define the NNs and calculate the 2NN error rate as the
percent of the misclassified observations among the examined
data.

3.2 Fukunaga’s Nonparametric Discriminant Plot
(Fuku_ORTH)

Fukunaga’s (Fuku) nonparametric discriminant criterion ([8], pp.466-

476) is

Gn(r/ Q, k) = rTBkal‘, 4)

where By, is a nonparametric between-class scatter matrix which
expresses the local data structure along the class separation
boundary. To be precise,

B = 0y Dot )]
xeXy,
1
N 2 u(x)[x — my, ()] x - mkl(x)]T ®
xeXy,

where my;(x) is the mean of the kNNs from class ®; to point x for
i=1,2 and u(x) is a weight function which is a kNN estimate of
the Bayes risk of the dichotomy ®; and @, The function u(x)
deemphasizes points far away from the class separation boundary.
A parameter in u(x), denoted by a, controls the width of the band
along the class separation boundary in which points with large
weights u(x) are located. The parameter k controls the location of
the pivotal point my;(x).

Following Fukunaga [8], we compute the discriminant vectors
r; and Iyenn as the eigenvectors corresponding to the two largest
eigenvalues of By, The plot defined by these vectors is called
Fuku_ORTH. Our strategy for model selection is similar to that used
previously. From experience, we define the optimization grid of
(o, k) values by the outer product of o= (1, 2, 3, 4, 5) and k = (1,2,
3,4,5,6,7,8), and we choose the pair of (o, k)-values which jointly
minimize the 2NN error rate of the projections of the design data
on to the plot Fuku_ORTH.

4 DISCRIMINANT ANALYSIS
VIA REMOVAL OF CLASSIFICATION STRUCTURE

The new method, called REM, “remouval of classification structure,”
consists of obtaining a discriminant vector 1, transforming the
data along it into data without classification structure, and ob-
taining a discriminant vector r,. The proposed method is stimu-
lated by an idea of Friedman [5] called “structure removal” which is
oriented to cluster analysis (analysis of data that has not been pre-
viously grouped into classes). The aim of this paper is to employ
“structure removal” in discriminant analysis. Following Friedman
[5], we describe the method in its abstract version based on prob-
ability distributions. The application to observed data is obtained
by substituting an estimate of the distributions over the design sets
Xdl and Xd2~

4.1 Zero Informative Direction Vector

We start by discussing the properties of a directional vector a
which has no classification structure in terms of its density func-
tion. Such a vector a is called a zero informative direction vector. In
discriminant analysis a is zero informative if by observing the
projection { =a'x of any realization x of a random vector X we
cannot gain any information about the class to which x belongs
(see Devijver and Kittler [4], pp.198-199). Thus, p,({ | @) = p,(0), for
i=1, 2, where p,({| ) is the class-conditional density of a'X and
pa() is the unconditional (mixture) density of a'X. It is known [5]
that, for most high-dimensional data, most low-dimensional pro-
jections are approximately normal. Therefore it seems reasonable
to approximate p,({) by a normal density function. Note also that
in order to preserve the properties of the normalized data the vari-
ance of a"X must be one. Without loss of generality, the mean of
a'X is assumed to be zero. Taking into account these observations,
we conclude that class-conditional densities p,({!®;) along the
zero informative direction vector a can be approximated by the
standard normal density N(0, 1).

4.2 Removal of Classification Structure

In this section, we describe an algorithm for removal of the classi-
fication structure along a direction in the n-dimensional sample

'space. The idea is to transform the projected class- conditional

densities to N(0, 1). Let r; be a direction vector. Assume that U is
an orthonormal n X n matrix with r, as the first row. Then apply-
ing the linear transformation t = Ux results in a rotation such that
the new first coordinate of an observation x is 1, = rlTx. We denote
the other coordinates by 1y, T3, ..., Ta (t = [1}, 75, ..., 1,]). In order to
remove the classification structure from the direction defined by r,
we require a transformation that takes the class-conditional densi-

ties along r; to N(0, 1), but leaves all other coordinates 1, T3, ..., T,
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unchanged. Let q be a vector function with components q;, qz,T..,,
qn that carries out this transformation: 1= qulty) with qi(r; X)
having class-conditional N(0, 1) and t=q(t),i=2,3, .., n each
given by the identity transformation. The function qq is obtained
by the percentile transformation method:

for x from class o: q(r,) = CD‘I(Frl (Tllwl)); ©®

for x from class ,: ql(TI) =0 (Fr, (71,(‘)2)); @

where (Fﬁ (‘rl'(oi)) is the class-conditional (cumulative) distribu-

tion function along r; for i=1, 2 and ®" is the inverse of the stan-

dard normal distribution function ®. Finally,

X =U'q(Ux) 8)

transforms r, to be a zero informative direction vector leaving all
orthogonal directions unchanged.

4.3 Computational Procedure
The procedure for obtaining a discriminant plot via removal of the
classification structure is as follows:
1) Find r; which optimizes a discriminant criterion, The crite-
rion is calculated for the normalized design data (Section 2).
2

-

Remove the classification structure from r;: Obtain an esti-
mate of Frl (1:],(01-) over the projections 1, = r;"x of the design

observations x € X, fori=1, 2 ([5], p-254). Substitute the
estimate of Frl (Tll(nl-) fori=1, 2 into (6) and (7). Transform

x e { Xy U Xy} using (8) and obtain new design sets X'y,

and X'y, that are totally overlapped along r;.

Compute the discriminant criterion for the new design sets

X'41 and X'4,. Obtain rem) Which optimizes this criterion.

4) Obtain an orthonormal basis T1, Dyremy) in the plane spanned
by the vectors r; and Iy(rem) (€Xternal orthogonalization of r,
and Iyrem). We name the plot defined by ry, ryen, 1) EXF_REM
for the EXF discriminant criterion and Fuku_REM for the
Fuku criterion.

3

=

Note that the proposed procedure can be applied to any dis-
criminant criterion that determines a single linear one-dimensional
subspace of the sample space. The procedure is restricted to com-
puting the criterion for the normalized design data (Section 2). This
does not decrease its generality because most of the discriminant
criteria are invariant under any nonsingular linear transformation
[4], [8]. For such criteria the data normalization does not influence
the optimal discriminant plot. Moreover, discriminant criteria
defined by kNN techniques must be applied to normalized data if
Euclidean distance is used to determine the kNNs ([8], p. 470]).

5 COMPARATIVE EXPERIMENTS

In this section, we compare the discrimination qualities of the plots
described above. We study a wide spectrum of situations in terms of
the size Ny; of the design sample drawn from synthetic and real data.

5.1 Simulation Studies

Except for the last set of synthetic data, we set Ny, = 10, 15, 20, 30,
. 50,70 fori=1, 2. An experiment for a given combination of par-
ticular setting, class-conditional distributions and size Ngy; of the
design sample, consisted of 50 replications of the following proce-
dure. In each class, we generated design data of size Ny from the

appropriate class distribution. Using this data we obtained the

discriminant plots (their direction vectors), then projected
Ni = 3,000 (extra) test observations on to the plots and computed
the test error rates. Finally, we calculated the mean and the stan-
dard errors of the error rates over the 50 replications. We com-
pared the discrimination qualities of the plots by the resulting
differences of the averaged test errors (see McLachlan [12],
pp. 373-375) and evaluated the significance of the differences on
the basis of the standard errors (t-test, p =0.05). The existence of
significant deviations of the mean errors of the REM from those of
the FREE or the ORTH are indicated by stars (***) in the figures,
where averaged rates and standard errors are plotted (Figs.1-3).
Note that this is in fact a pessimistic evaluation of the significance
of the differences, since we estimated the error rates using the
same samples for all methods and therefore the estimates of the
errors are not independent (when a favorable or an unfavorable
design sample is realized the resulting test error rates of the meth-
ods tend to be small or large together).

We computed the test errors of each plot by the following pro-
cedure: first we divided the test data into 30 subsets with 100 ob-
servations (50 observations per class) and then computed the 2NN
error rate [7] (see Section 3.1) of the projection of each subset on to
the plot; we then averaged the errors over the 30 test subsets. We
used 30 replications of the error computation because the 2NN
method is suitable for small sample sizes.

In all experiments with a particular population, we used the
same value of f; for the ExF criterion and the same values of o, k
for the Fuku criterion. We obtained them by averaging the results
of the model selection over 50 replications of the design sample
with sample size Ny = 50. The value of B for the second ExF dis-
criminant vector was obtained by applying the model selection
procedure to each run separately. We did not search separately for
the appropriate (a, k)-value for 11 and Iyqen, in order not to favor
method REM over Fukunaga’s method by expanding the number
of parameters to be optimized.

1st direction of

Tar I ExF plots ......
. REM
13p I ORTH _._._
: FREE _

o =
T T

Average test error rates %
o
T

10 15 20 30 50 70
Size of the design sample (Ndi)

Fig.1. Normal class-conditional distributions. Test error rates in the ExF
plots (B, =0). Bars represent the standard errors of the error rates.

. Stars (***) indicate the existence of significant differences between the

averaged errors of REM and ORTH (t-test, p = 0.05).

5.1.1 Normal Class-Conditional Distributions

The samples for two classes were drawn from six dimensional
normal class-conditional distributions, The means and the covari-
ance matrices were m; = [0, 0, 0, 0, 0, 01", S, = diag(0.18, 1.82, 0.67,
0.67, 0.67, 0.67) for class @, and m,=[15, 1.5, 0, 0, 0, oI,
S, = diag(1.82, 0.18, 1.33, 1.33, 1.33, 1.33 ) for class w,. Here we
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compared the methods FREE, ORTH and REM applied to the ExF
criterion. Fig.1 presents the averaged test error rates. The dotted
path shows the errors in the one-dimensional space defined by the
vector r;. The other paths show the errors in the plots obtained by
methods ORTH, FREE and REM. The reduction of the errors in the
plots compared with those along r; (dotted path) shows the dis-
crimination effectiveness of these methods. It is in the range 2-
2.5%. REM outperforms the other methods by 0.25-1%, and REM
deviates significantly from the ORTH for Ny; = 20, 30, 50, 70.

T T T T T T

21 1st direction of 1
ExF plots .......
20 REM 1
19F I ORTH _._._ 1
\018- FREE _ _ _ _ 4
5 .
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8171 4
@ Iog -
518f =z x|
2945+ i
1]
2
o 14t p
o
©
$
<

12r b
11 7
101 b
9r . 4
. . ! ! s .
10 15 20 30 50 70
Size of the design sample (Ndi)
(@
T T T T T T
21 1st direction of 1
Fuku plots .......
20 B
REM
ORTH _._._ 7

>
:
.

Average test error rates %
>
T

12+ E

! . L . . L
10 15 20 30 50 70
Size of the design sample (Ndi)

(b)

Fig.2. Nonnormal unimodal class-conditional distributions. Test error
rates in: (a) ExF plots (B = 0). (b) Fuku plots (o= 1, k = 8).

5.1.2 Nonnormal Unimodal Class-Conditional Distributions.

Eight dimensional samples for the two classes were obtained by
sampling two random signals X,(t) = A exp{~(t - B)’/2C% and
Xy(t) = A exp{~1t-B1°/2C% at eight uniformly spaced times in the
interval (0 <t < 1.05). Here §=1.3, and A, B, C are random pa-
rameters with uniform distributions on the intervals (0.7, 1.3), (0.3,
0.7), (0.2, 0.4). X(t) and X,(t) are similar to those used by Fukunaga
(18], p-472). Originally, Fukunaga used & =1, which implies en-

tirely separated classes. We chose § = 1.3, which results in some
class overlap. In order to eliminate the small pooled (within-class)
variations of the data we projected the eight-dimensional observa-
tions on to subspaces spanned by the five eigenvectors corre-
sponding to the largest eigenvalues of the pooled within-class
sample covariance matrix (modified canonical analysis—see
Krzanowski et al. [10])). For this five-dimensional data set we ran
experiments with the ExF and Fuku criteria. Fig. 2a shows the
results for the ExF plots. REM significantly outperforms ORTH for
Ng; =20, 30, 50, 70 and FREE for N = 10, 15. We found that the
test error rates in the ExF plots (Fig. 2a) are lower than those in
Fuku plots (Fig. 2b). From this we conclude that the ExF criterion
is more suitable than the Fuku criterion for this population. This
would explain the surprising increase in the test error rates for the
Fuku plots (Fig.2b) for Ng =20, 30, 50, 70. This unusual phe-
nomenon is weaker for REM.

5.1.3 Multimodal Class-Conditional Distributions.

Eight dimensional samples were generated for each class o, and
@,. The first two coordinates of the observations were drawn from
normal mixtures:

p(xy, X, 1 @) = 1/3N([-3, 0", 0.011)
+1/3N([0.5, 3]%, 0.01D)
+1/3N([-0.5, -31%, 0.01D

9)
p(xy, X, 1 @,) = 1/3N([-0.5, 317, 0.01D)
+1/3N(3, 01", 0.01D)
+1/3N([0.5, 31", 0.011)

(10)

for ®; and w,, respectively. Here, N([j,, pZ]T, 0.01I) denotes the
bivariate normal density with a mean vector [n, pol and a diago-
nal covariance matrix. The other six coordinates were independent
N(0, 1) for both classes. We ran simulations with a larger set of
sample sizes Ny; = 10, 15, 20, 30, 50, 60, 70, 80, 90, 100. REM outper-
forms FREE in the ExF plots (Fig. 3a). It succeeds in significantly
decreasing the test error rates for Ny 2 50 in the Fuku plots
(Fig. 3b). It is no surprise that the ExF plots (Fig. 3a) perform better
than the original method of Fukunaga (ORTH in Fig. 3b). In this
experiment we chose a data structure which is highly unfavorable
to the latter method. Fig. 4, showing the projections of a test sam-
ple on to the plot Fuku_REM, illustrates that REM succeeds in
representing the classification structure of the data.

5.2 Experiments With a Real Data Set

A real data set concerning the medical diagnosis of the neurologi-
cal disease cerebrovascular accident (CVA) contains pathologo-
anatomically verified CVA cases: 200 cases with hemorrhages and
200 cases with infarction due to ischaemia. Twenty numerical re-
sults from a neurological examination were recorded for each
CVA case [1]. We ran 50 replications of the following procedure.
We randomly divided the data for each disease into a design set
with 150 cases and a test set with 50 cases. Using the design data
we obtained discriminant plots. After that we projected the test
data on to the plots and computed the 2NN test error rates for
each plot. Finally, we averaged the test errors over the 50 replica-
tions. Here, we studied the Fuku criterion for various numbers of
the principal components used in the preliminary principal com-
ponent reduction of the dimensionality of the observations (see
Krzanowski et al. [10]). Fig.5 shows the results. REM significantly
outperforms the original method of Fukunaga (Fuku_ORTH) for
10 and 11 principal components (t-test, p = 0.05).
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Fig. 3. Multimodal class-conditional distributions. Test error rates in:
(a) ExF plots (B4 = 0.5), (b) Fuku plots (ot = 2, k = 3).
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Fig. 5. CVA data. Test error rates in the Fuku plots (o = 4, k = 5).

6 CONCLUSIONS

The simulation studies and the real data experiment indicate that
the proposed method “removal of classification structure” (REM)
increases the quality of the discriminant plots obtained by optimi-
zation of two criteria, namely the extended Fisher criterion (ExF)
(1], [2] and the nonparametric criterion of Fukunaga (Fuku) [8].
There appears to be no loss in applying REM instead of both
methods ORTH, with an orthogonality constraint on the discrimi-
nant vectors, and FREE, without constraints on these vectors. It
seems that REM provides a more effective constraint on the dis-
criminant vectors than does the orthogonality constraint usually
applied in statistical pattern recognition. Finally, we summarize
the main features of the new method:

1) REM is free to search for discriminant vectors which are
oblique to each other;

2) REM ensures that the informative directions already found
will not be found again at a later stage;

3) REM can be applied to any discriminant criterion which
determines a single linear one-dimensional subspace of the
sample space.
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