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1 lrurnoDucnoN
To obtain a visual representation of high dimensional data, we*ttst reduce the dim6nsiona bty, and for data visualization two-t.dimensional representations (scatter plots) are most useful [5],
t13l' In this PaPer we discuss discriminant analysis for tuso clqsses
I12l' Scatter plots intended for discriminant analysis are called
discriminant plots. Our consideration is limited to^ plots obtained by
the lineai mapping y =frr, r2Jrx, x e R', y . *; n > 2 with x anarbitrary n-dimensional observafion, und tt, rz direction vectors(each having unit length). vectors rr, 12 whicn opti* ize adiscrimi-
nant criterion are called discriminant aectors.

we discuss two crasses of disaiminant criteria, namery, theextended Fisher criterion previousry proposed by us [1], tzl andthe nonparametric criterion propos"d by Fukunaga tgl. Our goal isto assess the discrimination q.rutiuu, or the vecior, ,, and 12 ob_tained by successive optimization of these criteria. In the past, twomethods .for successive optimization were appried. The first
let!9a ry:t-glthogonal constraints on the discriminant vectors. Itis called oRTH-in this Paper. The second method does not so con-strain the.discriminant vectors. It is called FREE. our experience
shows that method FREE does not always create new discriminantinformation along the second discriminant vector 12. Lr order toinclude new infoimation h ,r, method ORTH is used I9l, [13], butit is known [5], [8], t13l that-orthogonal directions do not alwayssuffice; directions containing inforriation for class separation maybe oblique to each other.

*I this Pu!l1 we ProPose a new method which is better thanFREE and ORTH. It is fiee to search for discriminant directionsoblique to each other and ensures that informative directions al-ready found will not be chosen again at a later stage. some pre_liminary results of our work *"iu presented in t3l. This papercontains a more thorough analysir ut i more comprete resurts.
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l-inear Discriminant Analysis
for Two Classes via Remourf

of Classification Structure

Mayer Aladjem

Abstract-A n9w method for two-class finear discriminant analysis,
called "removal of classification structure," is propoi"O. ltr nou"tty ties
in the transformation of the data along an identified discriminant
direction into data without discrimin"rit information and iteration to
obtain the next discriminant direction. lt is free to search for
discriminant directions oblique to each other and ensures that theinformative directions already found witl not be chosen again at a laterstage' The efficacy of the method is examined for two discriminant
criteria. Studies witn a wide spectrum of synthetic data sets and a realdata set indicate that the disciimination quality of tnese criteria can beimproved by the proposed method

Index Terms-Exploratory data analysis, dimension reduction, finear
discriminant analysis, discriminant plots, structure removal.

In Section 2 we describe a normalization of the data which
simplifies exPression of the criteria. Section 3 presents the criteriaand their successive optimization by the methods FREE andORTH' The new method, called REM, is presented in Section 4.
Section 5 contains the results and analyser br comparative studies
of the methods.

2 NonnnALEED Dara
Suppose we are given an original set of N labeled observations(zr, l), (zz, lz),..., (zi.i, lru) in .,-di*unsional sample space: ztj e Rn,(n > 2), j- 7,2, ...,N. The label li ._{rrl,, cue} shows thai z; belJngs toone of the classes o1 or cq. Theie labels imply a decomposition ofthe set z = [zr, zz, ..., zrv] into two subsets ior."rponding to theunique classes. Let the decomposition be Z = Zt u Zr, where zicontains Ni observations in theilus labeled by ,r,for i= 7,z.our
aim is to asse ss discrimination qtralities of discriminant plots. For
this purpose we divide each Z, into design (Zor) and test (Z,i ) sets(see Section 5). Usin B Zai we obtain direitio., vectors 11 and 12 de-
fining the discriminant plots. We then project 26, on io the plots
and compute the error rates of a ntorrri ,iigt",uor (NN) allocation
rule applied to the test data.

Let Na1 and N,1 denote the number of design and test observa-
tions for class oi, Na = N61*N62 and Nt = N,r"* Nt2 are the total
numbers of design and test observations. We arrange that the de-
sign and test sets Preserve the data-based relative f.""q.r..,cies, i.e.,
Nai/Na = N,t/N, = Ni/N. To normalize ([g], p.470; itZl, pp.193-
794), we perform an eigenvalue-eig"ruo".io, decomporitio.,
S, = RDRr ;f the pooled *ithir,-class sample covariance matrix
S' = (Not/Na)Srr + (Naz/Na)S'z with S, the .lurr-.onditional sam-
ple covariance matrices estimated over the design dat a Zaifor i - l,2, and R and D nxn matrices; R is orthonor*ut and D diaeonal.
We then define the normalization matrix A - D-ll2Rr. Th; ;ahix
S' is assumed to be nonsingular, otherwise a preliminary dimen-
sional reduction of the original data must be carried out or an
augmented covariance matrix from S, must be computed and used
instead tl01.

In the remainder of the paper, all operations are performed on
the normalized design data xai = {x: x - At, , . Za) and normalizecl
test data Xi= {x: x - Az, z e Zdl for i - 1,2. The pooled within_class
sample covariance matrix estimated over X6i becomes the identity
matrix AS'Ar = I. This implies that, for any unit direction vector r,
!l: ptojections t = rrx of ihe normal tzed. iesign observations x e
{xat v xorl have unit pooled within-class ,u*il" variance-.

3 DlscntMtNANT pLoTS OBTATNED
VIA THE MCTNODS FREE AND ORTH

3.1 Extended Fisher Discriminant plots
(ExF_FREE and ExF_ORTH)

The extended Fisher (ExF) criterion [U, [2] is a generalization of Ma-
lina's discriminant criterion [11], i.e.,

Go(r, F) = (t -F)rrBr+ p lrrS(-,r1,0<p < 1 (1)

with direction vector r, control parameter p and

B = (mr - mz) (mr - rnz)r,

S(-) = 51 - 52 or, Sz - S,. (3)

Here, B is the sample between-class scatter matrix, mq are the class-
conditional sample mean vectors and 51 are the class-conditional
sampie covariance matrices, computed for the norm alized design

(2)
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data sets Xor, i =7,2. In (1), the symbol S(-)implies two forms of
the criterion Go(r, B).

The ExF discriminant vector maximizes Go(r, F). lt is the eigen-
vector corresPonding to the largest eigenvalue of the matrices (1-

F)B + Ftsr - St) and (t - F) r + F(Sz - S,). We obtain the sequence

of ExF discriminant vectors r1r r2(ort1.,y and r2(freer) by successive op-
timization of Go(r, F) for three specific values F,, B21o,11.,1 and Fzrr.""r

of the control Parameter B. The vector 11 is obtained by optimiza-
tion of Go(r, Fr); rz(orth) is computed by method ORTH: r2(orth) maxi-
mizes Go(r, Fzto.6,l) with r2(orth) constrained to be orthogonal to 11;

and r2(rreer) is obtained by method FREE: first we calculate rz(rree)

that maximizes Go(r, Fzrr.""i) then we obtain the vector 1216r""1; or-
thogonal to 11 and lying in the plane spanned by the vectors 11 and
rz(rree) (external orthogonalization t13l). The plot with discriminant
vectors r1z r2(orthy is named ExF_ORTH, and the plot define d by 4,

r2(rreer) is named ExF_FREE.
Appropriate values for B1, Fz(o.tnl and Fz(r.u") are not known in

advance. We search for them using a trial and error procedure.
Our approach to model selection is to choose the values of p that
minimize the error rates of a NN allocation rule applied to the
projections of the design data on to the discriminant plots. First we
choose the value Ft which minimizes the error rate of the projec-
tions of the design data on to the straight line with directiorr rr.
After that we obtain 9ztort6y and Fz(r."") to minimize the error rates of
the projections of the design observations on to the plots
ExF-ORTH and ExF-FREE respectively. This gives rise to three
problems of parameter optimization. Our strategy for solving
them is to choose a grid of values in the interval (O < p < 1), to cal-
culate the error rates for each value and then to choose the values
with the smallest error rates as Fr, Fz(ortn) and Fz(rr""). Our experience
is that a uniform grid with 21 values (step-size 0.05) is suitable. A
possible refinement of our method would be to assess the error
rates by cross-validation (see Friedman [6] and Krzanowski et al.
t10t).

We calculate error rates using the 2l'Il/ error-counting procedure
171. Let y, Yt, yz be one- or two-dimensional projections of three
observations of the examined data where yt, yz are 2NNs of y
among all projections. The 2NN procedure misclassifies y when y
€ c& but y1, yz e cD2, or )r € rrl2 but yt, lp e rrl1. No error is counted
when the two NNs belong to different classes. We use Euclidean
distance to define the NNs and calculate the 2NlJ error rate as the
percent of the misclassified observations among the examined
data.

3.2 Fukunaga's Nonparametric Discriminant plot
(Fuku_ORTH)

Fukunaga's (Fuku) nlnparametric discriminant uiterion ([g], pp.a66-
476) is

Gr'(r, cr, k) = rrBkor, @)

where Bpo is a nonparametric between-class scatter matrix which
exPresses the local data structure along the class separation
boundary. To be precise,

where mu(x) is the mean of the kNNs from class crrl to point x for
i = 1, 2, and u(x) is a weight function which is a kNN estimate of
the Bayes risk of the dichotomy o1 and o2. The function u(x)
deemphasizes points far away from the class separation bounclary.
A parameter in u(x), denoted by a,controls the width of the band
along the class separatiol boundary in which points with large
weights u(x) are located. The parameter k controls the location of
the pivotal point mu(x).

Following Fukunaga [B], we compute the discriminant vectors
ri and r2(orth) as the eigenvectors corresPonding to the two largest
eigenvalues of Bro. The plot defined by these vectors is called
Fuku-ORTH. Our strategy for model selection is similar to that used
previously. Ito* experience, we define the optimization grid of
(a, k) values by the outer product of 

' = (1,2,3,4,5) and 11"_ (1,2,
3, 4, 5, 6,7 , 8), and we choose the pair of (s, k)-values which jointly
minimize the 2NN error rate of the projections of the design data
on to the plot Fuku_ORTH.

4 DIScnIMINANT ANALYSIS i

VIA RCNNOVAL OF CLASSIFICATIOru STNUCTURE
The new method, called REM, "remoual of classit'ication structLtre,"
consists of obtaining a discriminant vector tt, transforming the
data along it into data without classification structure, and ob-
taining a discriminant vectot tz.The proposed method is stimu-
lated by an idea of Friedman [5] calle d " structure remoaal" which is
oriented to cluster analysis (analysis of data that has not been pre-
viously grouped into classes). The aim of this paper is to employ
"structure retnounl" in discriminant analysis. Following Friedman
[5], we describe the method in its abstract version based. on prob-
ability distributions. The application to observed data is obtained
by substituting an estimate of the distributions over the design sets
)(61 and Xaz.

4.1 Zero Informative Direction Vector
We start by discussing the properties of a directional vector a
which has no classification strucfure in terms of its density func-
tion. Such a vector a is called a zerl informatiae direction aector. In
discriminant analysis a is zero informative if by observing the
projection ( = "'x of any realization x of a random vector X we
cannot gain any information about the class to which x belongs
(see Devijver and Kittler l4), pp.198-199). Thus, pu(( | crl,) = pq((), for
| = 7,2, where p"(( | ol,) is the class-conditional density of a'X and
p"(O is the unconditional (mixfure) density of utx. It is known [5]
that, for most high-dimensional data, most low-dimensional pro-
jections are approximately normal. Therefore it seems reasonable
to approximate p"(() by u normal density function. Note also that
in order to preserve the properties of the normaltzed data the vari-
ance of a'X must be one. Without loss of generabty, the mean of

"tX 
i, assumed to be zero. Taking into u..o.rrrt these observations,

we conclude that class-conditional densities p"(( | rrlt) along the
zero informative direction vector a can be approximated by the
standard normal density N(0 , 7).

4.2 Removal of Classification Structure
In this section, w€ describe an algorithm for removal of the classi-
fication structure along a direction in the n-dimensional sample
'space. The idea is to transform the projected class- conditional
densities to N(0, 1). Let 11 be a direction vector. Assume that U is
an orthonormal n x n matrix with 11 ds the first row. Then apply-
ing the linear transformation t = tlx results in a rotation such that
the new first coordinate of an observation x is t1 = rrrx. We denote
the other coordinates by ,, x3, ...r Tr, (t = [tr, Tz, ...,1r,]r). In order to
remove the classification structure from the direction defined by r,
we require a transformation that takes the class-conditional densi-
ties along rr to N(0, 1), but leaves all other coordinates xz, x3, ..., xn

1\
Buo = q.*,",*)['- ffirzt*)][*

7
. ut.}"t*)[* - ffittt*)][*

- mk2(*)]t

- ffirr(*)]t (5)
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unchanged. Let q be a vector function with components lr, e2,....,gn that carries out this transformationi x,t= g,ttr; with^q,rntij
having class-conditional N(0, 1) and Ti = gi(ti),^i = 2,3,..., n each
given by the iCentity transformation. The iunctio. q, is obtained
by the percentile transformation method:

for x from class or: gr(r,) = <p-l(t, (r,lr,)), 6)

discriminant plots (their direction vectors), then projectedNt = 3,000 (extra) test observations on to the plots and computed
the test error rates. Finally, w€ calculated the mean and the stan-dard errors of the error rates over the 50 replications. We com-pared the discrimination qualities of the ptots by the resultingdifferences of the u,o"rug"d test errors (r.. Mclachlan [121,pp' 373-375) and evaluated the significance of the differences onthe basis of the standard errors (t]test, p = 0.05). The existence ofsignificant deviations of the mean errors of the REM from those ofthe FREE or the ORTH are indicated by stars (***) in the figures,
where averaged rates and standard errors are protted Gig!.1,3).Note that this is in fact a pessimistic evaluation or the signiiica.ceof the differences, since we estimated the error rates using thesame samples for all methods and therefore the estimates of theerrors are not independent (when a favorable or an unfavorable
design sample is realized the resulting test error rates of the meth-ods tend to be small or large together).

we computed the test errors of each prot by the folowing pro-cedure: first we divided the test data into 30 subsets with 100 ob-servations (50 observations per class) and then computed the 2NN
error rate l7l (see Section 3.1) of the projection of each subset on to
the plot; we then averaged the .rrorc over the 30 test subsets. we
used 30 replications of the error computation because the 2NN
method is suitable for smalr sample sizes.

In all experiments with a pirticular popuration, we used the
same value of Ft for the ExF criterion and the same values of o, kfor the Fuku criterion. We obtained them by averaging the resultsof the model selection over 50 replications of the design samplewith sample size Nai = 50. The value of B for the second ExF dis-criminant vector was obtained by applying the moder selection
procedure to each run separately. wehd ,,oI ,"urch separatery forthe appropriate (cr, k)-value for ri and. r2(rem) in order not to favormethod REM over Fukunaga's method uy 

"*punding the number
of parameters to be optimized.

T

i
Tt.I

l st direction of
ExF plots

REM

ORTH

FREE

30 50 70
Size of the design sampte (Ndi)

Fig'1' Normal class-conditionaf distributions. Test error rates in the ExF
Pl:tt (Fl : 0).. Bars represent the standard errors of the error rates.Stars (*"") indicate the existg!._._of significant differ"n.., between theaveraged errors of REM and ORTH (t-iest, p = 0.05).

for x from class o: : 9i (r, ) - *-t (t , (", f 
r, )); 

(7)

r'vhere (E, (t,lt,)) is the class-conditional (cumutative) distribu-

tion function along 11 for i = 7, 2 and o-1 is the inverse of the stan-
dard normal distribution function @. Finally,

x' = Urq(Ux)

transforms ri to be a zero informative direction vector
orthogonal directions unchanged.

4.3 Computational Procedure
The procedure for obtaining a discriminant plot via removal of the
classification structure is as follows:

1) Find 11 which optimizes a discriminant criterion. The crite-
rion is calculated for the normnlized design data (section 2).

2) Remove the classification structure from 11: Obtain an esti-frl
mate of 4, (r,lr,) over the projections 11 = rrrx of the design

observations x e Xo,, for i - 1,2 ([S], p.25a). Substitute the
estimate of t (r,lr,) for i - t,2 into (6) and (7).Transform

x € lXot u Xatl using (8) and obtain new design sets X o,
and X o, that are totally overlapped along 11.

3) Compute the discriminant criterion for th" n"* design setsX ot and X ar' Obtain r2(rem) which optimizes this criterion.4) obtain an orthonormal basis 11, r2(remrl in the plane spanned
by the vectors 11 and r2(rem) (externaiirthogonalization of 11and rz(."*))' we name the plot defined by ,r)rz(remr) ExF_REMfor the ExF discriminani criterion und putu_nEM for theYr -tFuku criterion.

Note that the propos-ed procedure can be appried to any dis_criminant criterion that deteimines a single linear one-dimensional
subspace of the sample space. The procedure is restricted to com-puting the criterion for the normnlied design data (section 2). Thisdoes not decrease its generality because most of the discriminantcriteria are invariant under ut'ti nonsingular linear transformation
[4]' [8]' For such criteria the aata normalization does not influencethe optimal discriminant plot. Moreover, discriminant criteriadefined by kNN techniques must be applied to norm alizeddata ifEuclidean distance is used to determine tn" txxs ([g], p.4701).

5 ConnpARATIVe ExpeRIMENTs
In this sectio
describ"o"*J;,:ff#""',*:"t':ffif TJH*T,:'"15i1'j?
the size Nai of the desis" *tple drawn from synthetic and real data.

5.1 Simulation Studies
Except for the last set of synthetic data, we set N61 - 70,'15,20,30, 5.1.1 Normat ctass-conditionat Distributions' 50' 70 for i = 1' 2' An experiment-for u gi""ito;uination of par- The samples for two classes were drawn from six dimensionalticular setting' class-condifion"r aitoiu'i'it"t llq :l'" No, oithe 

""r.*r ciass-conditionar distributions. The means and the covari-design sample' consisted of 50 reprication, orai"'roro*i.,! p.o."- ui.u *uoi"", were m1 = [0, 0, 0, o, o, orr,sr = diag('.1g , 7.g2, 0.67,
dure. In each class, we generateddesign data oisize trto, i; il 6'ii,'0.*, 0.67) Ior .rur, .,, and m2 = t1.5, 1.5, 0, 0, o, olr,appropriate class distribution. Using"this data *" obiui.,ed if,". ir1,ar"g(1.82,0.-18, t.Si, 1.ii,r.33, 1.33 ) for class cq. Here we

(8)
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compared the methods FREE, ORTH and REM applied to the ExF
criterion. Fig.1 presents the averaged test error rates. The dotted
path shows the errors in the one-dimensional space defined by the
vector 11. The other paths show the errors in the plots obtained by
methods ORTH, FREE and REM. The reduction of the errors in the
plots compared with those along r, (dotted path) shows the dis-
crimination effectiveness of these methods. It is in the ran ge 2-
2.5%. REM outperforms the other methods by g.2s-lvo, and n'u
deviates significantly from the ORTH for Nai = 20, gA, 50,70.

1st direction of
ExF plots

REM

ORTH

FREE

T'r- l- r

.T
T

30 50
Size of the design sample (Ndi)
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10 15 20 30 50 70
Size of the design sampte (Ndi)

(b)

Fig.2. Nonnormal unimodal class-conditional distributions. Test error
rates in: (a) ExF plots (Fr = 0). (b) Fuku plots (cr = 1, k = 8).

5.1 .2 Nonnormal Unimodal Class-Conditional Distributions.
Eight dimensional samples for the two classes were obtained bv
sampling two random signals X,(t) - A exp{-(t g)z/zc'l ur,i
Xz(t) = [ exp{-lt-B lu/zc'l at eighi uniformly spaced times in the
interval (0 < t < 1.05). Here 6 = 1.3, and A, B, C are random pa-
rameters with uniform distributions on the intervals (0.7, 7.3), (0.g,
0.7), (0.2,0.4). Xt(t) and Xz(t) are similar to those used by Fukunaga
([8], p.a72). originally, Fukunaga used D = 1, which implies en-

tirely separated classes. We chose 6 = 7.3, which results in some
class overlap. In order to eliminate the small pooled (within-class)
variations of the data we projected the eight-dimensional observa-
tions on to subspaces spanned by the five eigenvectors corre-
sponding to the largest eigenvalues of the poot.a within-class
sample covariance matrix (modified canonical analysis-see
Krzanowski et al. t10l)). For this five-dimensional data set we ran
experiments with the ExF and Fuku criteria. Fig. 2a shows the
results for the ExF plots. REM significantly outperiorms ORTH for
Nai = 20, 30, 5a, 70 and FREE for N61 - 10, 15. We found that the
test error rates in the ExF plots (Fig. 2a) are lower than those in
Fuku plots (Fig. 2b). From this we conclude that the ExF criterion
is more suitable than the Fuku criterion for this population. This
would explain the surprising increase in the test error rates for the
Fuku plots (Fig.2b) for Nai = 20, 30,50, 70. This unusual phe_
nomenon is weaker for REM.

5.1.3 Multimodal class-conditionat Distributions.
Eight dimensional samples were generated for each class crtl and
rrl2. The first two coordinates of the observations were drawn from
normal mixtures:

P(xr, x2 | ol1) = 1/3N([-3, 0]r, 0.0tI)
+ 1/gl([O.s, 3]t, 0.01I)

+ 1 /3N([-0.5, -3]t, 0.01I)

(e)

p(xr, x2 lo:2) = 1/3N([-0.S,3]t,0.0tI)
+ 1/3N([3,0]r,0.01I)
+ 1/3N([0.5, -g]' ,0.01I)

(10)

for rrl1 and az, respectively. Here, N(hrr, prf' , 0.01I) denotes the
bivariate normal density with a mean vector ht,, lrr]t and a diago-
nal covariance matrix. The other six coordinates were independent
N(0, 1) for both classes. We ran simulations with a larger set of
sample sizes Nai = 70, 75,20,30,50, 6A,70, 80,90, 100. REM outper-
forms FREE in the ExF plots (Fig. 3a). It succeeds in significuntty
decreasing the test error rates for Na,
(Fig. 3b). It is no surprise that the ExF plots (Fig. 3a) perform better
than the original method of Fukunaga (ORTH in Fig. 3b). In this
experiment we chose a data structure which is highly unfavorable
to the latter method. Fig. 4, showing the projections of a test sam-
Ple on to the plot Fuku-REM, illustrates that REM succeeds in
representing the classification structure of the data.

5.2 Experiments With a Real Data Set
A real data set concerning the medical diagnosis of the neurologi-
cal disease cerebrovascular accident (CVA) contains pathologo-
anatomically verified CVA cases: 200 cases with hemorrhages ?nd
200 cases with infarction due to ischaemia. Twenty numerical re-
sults from a neurological examination were recorded for each
CVA case [1]. We ran 50 replications of the following procedure.
We randomly divided the data for each disease into a design set
with 150 cases and a test set with 50 cases. Using the design data
we obtained discriminant plots. After that we projected the test

data on to the plots and computed the 2NN test error rates for
each plot. Finally, w€ averaged the test errors over the 50 replica-
tions. Here, we studied the Fuku criterion for various numbers of
the principal components used in the preliminary principal com-
ponent reduction of the dimensionality of the observations (see
Krzanowski et al. t10l). Fig.5 shows the results. REM significantly
outperforms the original method of Fukunaga (Fuku_ORTH) for
10 and 11 principal components (t-test, p = 0.05).
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REM
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Fig.5. cvA data. Test error rates in the Fuku plots (a = 4, k = g).

6 CottcLUStoNS
The simulation studies and the real data experiment indicate that
the proposed method "removal of classificuiior, structure,, (REM)
increases the quality of the discriminant plots obtained by optimi-
zation of two criteria, namely the extended Fisher criterio.- (ExF)
[1], t2l and the nonParametric criterion of Fukunaga (Fuku) tgl.
There appears to be no loss in applying REM instead of both
methods ORTH, with an orthogot'tu1i1y constraint on the discrimi-
nant vectors, and FREE, without constraints on these vectors. It
seems that REM provides a more effective constraint on the dis-
criminant vectors than does the orthogonality constraint usually
applied in statistical pattern recognition. finally, w€ summa rize
the main features of the new method:

1) REM is free to search for discriminant vectors which are
oblique to each other;

2) REM ensures that the informative directions already found
will not be found again at a later stage;

3) REM can be applied to any discriminant criterion which
determines a single linear one-dimensional subspace of the
sample space.
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