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Coded aperture correlation holography (COACH) is a recently introduced technique for recording incoherent
digital holograms of general three-dimensional scenes. In COACH, a random-like coded phase mask (CPM) is
used as a coded aperture. Even though the CPM is optimized to reduce background noise, there is still a sub-
stantial amount of noise, mitigating the performance of COACH. In order to reduce the noise, we first modify the
hologram reconstruction method. Instead of computing the correlation between a complex hologram of the entire
object and a hologram of a source point, in this study the numerical correlation is performed with a phase-only
filter. In other words, the phase function of the Fourier transform of the source point hologram is used as the
spatial filter in the correlation process. Furthermore, we propose and demonstrate two additional methods for
reducing the background noise in COACH. The first is based on the integration of a quadratic phase function, as
used in Fresnel incoherent correlation holography (FINCH), with the CPM of COACH. This hybrid COACH-
FINCH system enables a dynamic trade-off between the amount of background noise and the axial resolution of
the system. The second method is employed by recording COACH holograms with multiple independent CPMs
and averaging over the reconstructed images. The results of the above two techniques are compared with FINCH
and with a regular imaging system. © 2017 Optical Society of America
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https://doi.org/10.1364/AO.56.000F67

1. INTRODUCTION

Incoherent digital holography systems have various advantages
as imaging systems: they can record and store a complete three-
dimensional (3D) scene of objects radiating their own illumi-
nation [1,2], or objects illuminated by an incoherent natural
light [3,4]. Furthermore, the recording process may be done
with few camera exposures—at least three for in-line recorders
[2–4], or even a single exposure for off-axis configurations
[5,6]. Additionally, these imagers may be able to image targets
through a scattering medium [7,8], or operate in a mode of
synthetic aperture, such that object details can be resolved bet-
ter than by equivalent imaging systems of similar physical aper-
ture [9,10]. Unfortunately, according to several independent
experiments [11,12] and a theoretical analysis [13], the axial
resolution of these imagers is usually inferior to regular refrac-
tive-lenses-based imaging systems. While a low axial resolution,
or, in other words, a large depth of focus [12], may be advanta-
geous for certain applications, it can be a source of noise in
other imaging applications. The practical implication of the
low axial resolution in these imaging systems is that light from

out-of-focus object parts makes it difficult to observe, or to re-
solve, the desired in-focus parts. The axial resolution of inco-
herent digital holographic systems can be enhanced by an
additional process of image sectioning [14–16] or by confocal
holographic imaging [17,18], but the cost of these techniques is
expressed by a loss in time resolution—a term that expresses, in
the present context, the minimal time needed between two se-
quential acquired images, each of which is an image of a differ-
ent state of the observed scene. In other words, all the
sectioning techniques are implemented by slow scanning proc-
esses, which keep the systems from imaging dynamic scenes.

It is a challenge to develop an incoherent holographic system
with an axial resolution similar to, or better than, that of a regu-
lar imaging system. Nevertheless, this desired system should
keep, as much as possible, the abovementioned advantages
of relatively fast operation and 3D imaging inherent to holo-
graphic imagers. Recently, an incoherent digital hologram
recorder called a coded aperture correlation holography
(COACH) was proposed [19]. COACH has the same axial res-
olution as a regular imager and the same time resolution as
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holographic in-line recorder; i.e., at least three camera shots are
required in order to properly recover the image from the holo-
gram. COACH can be classified as an incoherent self-inform-
ative-reference holography system, in which the informative
beam radiated from the object is split into two beams. One
of these beams passes through a coded phase mask (CPM) dis-
played on a spatial light modulator (SLM). From the SLM, the
beam propagates to the sensor plane, on which it interferes with
the other beam that comes from the object without being
modulated by the CPM. The intensity distribution of the
two-beam interference is stored in the computer as a digital
hologram of the object. Another hologram of a point object
is recorded under the same conditions as before, and with
the same CPM. This second hologram is used as the point
spread function (PSF) in the digital reconstruction stage.
Accordingly, the image is digitally reconstructed by correlating
the object hologram with the PSF hologram.

The optical setup of COACH is similar to the setup of the
Fresnel incoherent correlation holography (FINCH) system
[2,3]. To a certain degree, FINCH can be considered as a spe-
cial case of COACH, where the CPM is chosen as a quadratic
phase function. In general, the CPM of COACH does not have
this kind of limitation, and in principle, it can be any arbitrary
phase function whose two-dimensional (2D) Fourier transform
(i.e., its spatial spectrum) is also a phase function. The condi-
tion that both the CPM and its spatial spectrum are phase func-
tions helps reduce the background noise level accompanying
the reconstructed images [19], as is discussed more extensively
in the following. Therefore, to fulfill this condition, the CPM
of COACH is calculated using the iterative Gerchberg–Saxton
algorithm (GSA) [20,21], such that it generates an approxi-
mately uniform intensity in the spatial spectrum. However,
the background noise level, even with the iterative algorithm,
is not tolerable, and other methods are needed to reduce the
noise, as indeed are provided in the present study. It should
be emphasized that the CPMs in our work are not limited
to binary masks, as is the case with most of the traditional
masks in coded aperture imaging systems [22,23]. The
CPMs in the present study are multilevel pure-phase-valued
masks similar to the masks proposed in [24]. As in [24], the
phase values of the CPMs are computed by similar algorithms
[20,21] and displayed directly on a pure-phase SLM without
any further encoding process.

As mentioned above, the benefit of the improved axial res-
olution of COACH over FINCH does come at a cost. The
hologram reconstruction of COACH may contain disturbing
background random noise. To reduce the noise and to sharpen
the reconstructed images, we first modify the method of recon-
structing the image from the hologram. Inspired by the world
of optical pattern recognition [25], the correlation between the
object hologram and the PSF hologram is replaced with a
numerical correlation, in which the type of spatial filter is a
phase-only filter (POF) instead of the matched filter used in
[19]. To further reduce the inherent noise of COACH, two
different methods are proposed herein. The two proposed
methods are different from each other in the type of penalty
paid for improving the signal-to-noise ratio (SNR). In the first
technique, a hybrid system is built by integrating COACH

with FINCH. According to this method, the SNR can be
gradually increased at the cost of a corresponding reduction
in the axial resolution, but the time resolution in this method
is kept at the same high value as a common in-line holographic
system. In the second approach, an averaging technique is
employed to minimize the noise generated during the
reconstruction. In this method, the SNR is enhanced on ac-
count of the time resolution, while keeping the axial resolution
at the same high value as the original COACH.

In the next section, the methodology used for constructing
the hybrid system and the averaging methods are discussed.
The experimental analyses of all methods, and the comparison
of their performance with FINCH and regular imaging sys-
tems, are presented in the Section 3. In the final section,
the conclusion and summary of the research are presented.

2. METHODOLOGY

In this section, we describe two methods for reducing the
reconstruction background noise associated with COACH,
but first let’s summarize the method of COACH, as introduced
first in [19].

In COACH, two holograms are recorded under identical
conditions, one for the observed object and another for a point
object. The image of the object is reconstructed by correlating
the above two holograms. For the reconstruction of thick
objects from a COACH hologram, a prerecorded library of
point object holograms for point objects located at different
axial locations, corresponding to different axial planes of the
objects, is required. We emphasize that this library need only
be prepared once, offline, regardless of how many times objects
are observed using the system. The process of in-line recording
of holograms of general 3D objects is identical to the recording
process of FINCH and many other self-reference on-axis digital
hologram recorders, in the sense that at least three raw holo-
grams of the scene are acquired. Since the reconstructed image
is obtained as a result of a cross correlation between two ran-
dom-like complex holograms, the image lateral and axial reso-
lutions are dependent on the transverse and axial correlation
lengths between the correlating functions [26,27], respectively.

The random-like nature of the CPM, besides providing a
higher axial resolution for COACH, is also the cause for the
background noise. To be precise, the main source of the back-
ground noise on the image plane is the algorithm of computing
the CPM. As mentioned above, one of the GSA constraints is
to have a uniform magnitude in the spatial spectrum domain.
Recall that a reconstructed point is obtained as a result of
autocorrelation of the complex hologram, and is based on
the convolution theorem; this autocorrelation is equal to the
Fourier transform of the squared magnitude of the spectral
function. Therefore, as much as the magnitude of the spectral
function is uniform, the point image is sharper with minimal
sidelobes. However, it is well known that the GSA usually can-
not satisfy both constraints simultaneously. Since the constraint
in the CPM domain must be satisfied due to the use of a phase-
only SLM, the other constraint in the spectral domain can only
be approximated, but not completely satisfied. To the degree
that the spectral magnitude is far from the constraint of being
uniform, the sidelobes of the point image are higher and, as a
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result, the background noise is greater. To verify this
assumption on the origin of the background noise, the follow-
ing simulation was carried out. It is well known [20,21] that the
constraints are better satisfied when the total number of matrix
pixels in the GSA is higher. Therefore, if the noise is caused
because the spectral constraint is not completely satisfied, then
the noise is expected to be reduced by increasing the number of
matrix pixels. The COACH holograms were simulated and re-
constructed using CPMs with an increasing number of pixels.
The plot of the average background noise per pixel for different
values of the number of pixels is shown in Fig. 1. It can be
noted that the average background noise indeed decreases with
an increase in the number of pixels, indicating the origin of the
background noise. The following subsections present two
techniques to reduce this noise.

A. Hybridization Method
FINCH has been shown to have less background noise [19]
than COACH. Hence, in order to reduce the background
noise, we integrate the phase masks of COACH and
FINCH into a single CPM, where a transition factor controls
the level of hybridization between COACH and FINCH. By
doing so, the noise can be reduced to any desired level between
the noise levels of COACH and FINCH.

The optical configuration of the hybrid system for recording
the object and pinhole holograms is shown in Fig. 2. The object
is critically illuminated by an incoherent light source using the

lens L1. The light source is assumed to be spatially incoherent
and quasi-monochromatic, so that the light emitted from each
point on the object is only coherent with itself. A second lens L2
is placed at a distance of zs from the object, to collimate the
light diffracted by the object. A polarizer P1 is used to orient
the light field to an angle of 45° with respect to the active axis of
the SLM. A hybrid phase mask, consisting of a combination of
the quadratic phase function of FINCH and the CPM of
COACH, is displayed on the SLM [see Eq. (1) below].
Since the light incident on the SLM is polarized at 45° with
respect to the active axis of the SLM, only about half of the
intensity of the incident light is modulated by the hybrid
CPM displayed on the SLM, while the remaining intensity
propagates unmodulated. To create interference between the
above two orthogonal polarizations, a second polarizer P2, with
an orientation of 45° with respect to the active axis of the SLM,
is mounted after the SLM. The interference pattern is recorded
by a digital camera for further digital processing. Only the
beams originating from the same point on the object are coher-
ently interfered. This optical configuration is both compact and
robust [28]. A phase-shifting technique, which involves the re-
cording of three holograms with different phase values θ � 0°,
120°, and 240°, is used to cancel the zeroth-order term and the
twin image. These three holograms are superposed to yield the
complex hologram HOBJ [19]. The reconstruction method of
the object hologram is similar to the methods proposed in op-
tical scanning holography [29] and self-interference incoherent
digital holography [30], in order to minimize the error between
the reconstructed and original images in both cases. Instead of
reconstructing the hologram via by standard Fresnel backpro-
pagation integral, it is digitally correlated with a version of the
complex hologram of a point object. In our case, the same re-
cording process is performed for a point object implemented by
a pinhole and located at the exact same axial location as the 2D
object, or a single section of the 3D object, to be stored in the
hologram. The obtained complex hologram of the pinhole,
after completing the hereafter described numerical procedure,
is designated as H̃PSF. The image is digitally reconstructed by a
correlation between the above two complex-valued holograms
HOBJ and H̃PSF. The hologram HOBJ recorded by this hybrid
system is a superposition of shifted and scaled functions, which
are a mix of quadratic and random-like functions; hence, HOBJ

has the properties of both FINCH and COACH. The hybrid
CPM, realized directly and without any encoding, using a
phase-only SLM, is

tk�r̄� � Q
�
−1

f 1

�
exp�iαΦ�r̄�� exp�iθk�; k � 1; 2; 3; (1)

where Q designates the quadratic phase function Q�b� �
exp�iπbλ−1�x2 � y2�� and λ is the central wavelength of the
light source. The angle θk is one of the three phase shifts used
for the elimination of the twin image and the bias terms from
the final hologram [2,3]. The function Φ�r̄� represents the
quasi-random phase calculated using the GSA [19–21], to gen-
erate a uniform magnitude in the spectrum domain of the
CPM. The part of FINCH in the CPM is similar to
FINCH of Ref. [31], in which the focal length f 1 of the quad-
ratic phase function is selected to be half of the distance zh be-
tween the SLM and the image sensor. This selection is made to

Fig. 1. Plot of the average background noise per pixel versus the size
of the matrix.

Fig. 2. Optical configuration of the system for recording hybrid
COACH-FINCH holograms. The blue, red, and green wavefronts in-
dicate plane, spherical, and quasi-random waves, respectively. BPF,
bandpass filter; P1;2, polarizers; SLM, spatial light modulator.
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obtain a complete overlap between the two interfering waves
originating from the same object point, and consequently to
achieve the highest lateral image resolution [31]. By tuning
the transition factor α, the hybrid CPM can be set to different
hybridization levels, from the quadratic phase function of
FINCH (α � 0) to the pseudorandom CPM (α � 1) of
COACH. By giving α intermediate values between 0 and 1,
the hybrid system possesses mixed properties of both
FINCH and COACH. In order to enable high visibility of
the interference between two waves propagating through the
system along two different paths, the maximal optical path dif-
ference should be smaller than the temporal coherence length
[32]. To guarantee this condition, a bandpass filter is intro-
duced after lens L2. Based on Fig. 2, if the complex amplitude
before lens L2 is given by a quadratic phase function Q�1∕zs�,
the complex amplitude after lens L2 is given by
Q�1∕zs� · Q�−1∕f 0�. The complex amplitude just before
the SLM, a distance d from lens L2, is calculated by a convo-
lution of Q�1∕zs� · Q�−1∕f 0� with the quadratic phase func-
tion Q�1∕d�. The complex amplitude just after the SLM is the
product of the complex amplitude before the SLM and the hy-
brid phase mask tk, given by Eq. (1), plus a constant C2 rep-
resenting the second beam, which is not modulated by the
SLM. The resulting complex amplitude from the SLM is con-
volved withQ�1∕zh� to calculate the complex amplitude on the
image sensor, at a distance zh from the SLM. As a result, taking
into consideration the well-known Fresnel approximation, the
hologram of an object point (i.e., a pinhole) located at
�0; 0; −zs� with an amplitude of

ffiffiffiffi
I s

p
can be formulated as

follows:

I k�r̄0� �
����

ffiffiffiffi
I s

p
C1Q

�
1

zs

�
Q
�
−
1

f 0

�

�Q
�
1

d

�
�tk�r̄� � C2� � Q

�
1

zh

�����
2

k � 1; 2; 3; (2)

where the asterisk sign denotes a 2D convolution, C1 is a com-
plex constant, and r̄0 � �u; v� is the transverse location vector
in the sensor plane. For simplicity, and without loss of general-
ity, the analysis is given for the special case in which the distance
d between the lens L2 and the SLM is zero. This can be
achieved approximately by attaching L2 to the SLM or pre-
cisely, and more practically, by use of an optical relay system
that projects the plane of L2 onto the SLM plane [33]. In either
case, Eq. (2) can be simplified as follows:

Ik�r̄0� �
����

ffiffiffiffi
I s

p
C1Q

�
1

z1

�
�tk�r̄� � C2� � Q

�
1

zh

�����
2

; (3)

where z1 � zsf o∕�f o − zs�. Substituting Eq. (1) into Eq. (3),
the intensity distribution is

I k�r̄0� �
����

ffiffiffiffi
I s

p �
C1Q

�
1

z2

�
exp�iαΦ�r̄�� exp�iθk�

�Q
�
1

zh

�
� C2Q

�
1

z3

������
2

; (4)

where z2 � z1f 1∕�f 1 − z1� and z3 � z1 � zh. It is assumed
that the combination of two types of phase functions displayed
on the SLM induces two different waves on the sensor
plane. This assumption is understood if the term of the

COACH-CPM is written as a power series as follows:
exp�iαΦ�r̄�� � 1� iαΦ�r̄� − α2�Φ�r̄��2∕2…. Thus, on the
sensor plane the complex amplitude is approximately a super-
position of three components as follows:

I k�r̄0� �
����

ffiffiffiffi
I s

p �
Co exp�iθk�

� ffiffiffiffiffiffiffiffiffiffiffiffi
1 − α2

p
Q
�
1

z4

�

�αG 0�r̄0�
	
� C2Q

�
1

z3

������
2

; (5)

where z4 � zh � z2 and C0 is a constant. The function G 0 is
the complex amplitude obtained after free-space propagation
from the part of the COACH-CPM along a distance zh to
the sensor plane. Following the phase-shifting procedure, the
distribution of the complex PSF hologram is

HPSF�r̄0� � C
� ffiffiffiffiffiffiffiffiffiffiffiffi

1 − α2
p

Q
�
1

zr

�
� αG�r̄0�

	
; (6)

where zr � z4z3∕�z3 − z4�, G�r̄0� � G 0�r̄0�Q�−1∕z3�, and C
is a complex constant.

In general, there is a strong analogy between the process of
reconstructing an image from the COACH hologram and pat-
tern recognition by optical correlators [25]. In both cases, the
goal is to get as sharp as possible a correlation peak at the output
of the system whenever there is a true object somewhere on the
input plane of the pattern recognizer [25], or whenever there is
a complex PSF hologram somewhere on the hologram plane in
the case of COACH. Based on this analogy, we modified the
reconstruction process in COACH by filtering the spatial
spectrum of the hologram with a POF. Since a POF does
not amplify or attenuate any part of the hologram spectrum,
the correlation peaks are more intense, and the ratio of
peak-to-sidelobes is higher, than in the case of correlation with
a matched filter [25]. However, it is not argued in this study
that the POF is the optimal filter for reconstructing holograms,
and further research for optimizing the sharpness of the corre-
lation peaks should be done in the future.

The reconstructed image of the object point is obtained as a
correlation of HPSF with the inverse Fourier transform of the
POF as follows:

T �ρ̄� �
ZZ

H PSF�r̄0�H̃�
PSF�r̄0 − ρ̄�du 0dv 0

≈
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − α2

p
Q
�
1

zr

�
⊗ Q

�
1

zr

�
� αG�ρ̄� ⊗ G̃�ρ̄�

�
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − α2

p
hF �ρ̄� � αhC �ρ̄�; (7)

where

H̃PSF�ρ̄� � —J−1fexp�i · arg�fHPSF�ρ̄�g��g
and

G̃�ρ̄� � —J−1fexp�i · arg�—JfG�ρ̄�g��g:
The sign ⊗ indicates 2D correlation, —J and —J−1 stand for 2D
Fourier and inverse Fourier transforms, respectively, and ρ̄ is
the location vector in the reconstruction plane. Note that
the cross correlation terms between G and Q have been ne-
glected in Eq. (7), which is allowed under the assumption that
G has the nature of a random zero-mean function [19]. The
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term hF in Eq. (7) is well known from previous studies [2,3,31]
as the focal spot of a lens with a focal length of zr . Assuming the
aperture of the system at the SLM plane is a disk of diameter D,
then hF �ρ̄� � 2J1�πDρ∕λzr�∕�πDρ∕λzr�. The width of hF is
1.22λzr∕D. hC is the cross correlation function of G with G̃.
Since it is assumed that G and G̃ have the nature of a random
zero-mean function, hC is a narrow delta-like function with a
width of the correlation length and random, relatively low side-
lobes. The lateral correlation length is determined by the small-
est spot that can be obtained on the sensor plane by the SLM,
which is about 1.22λzh∕D. It should be noted that the values of
hF and hC are generally not the same. In the special case where
zs � f o, it is easy to see that zr � zh∕2, and hence the size of
hF can be half the size of hC .

An arbitrary incoherently illuminated 2D object o�x; y� can
be represented as a collection of N uncorrelated radiating
points as follows:

o�x; y� �
XN
j

ajδ�x − xj; y − yj�: (8)

Assume that the object replacing the pinhole is located at the
same distance zs mentioned above. Each incoherent object
point j induces three mutually coherent beams on the sensor
plane (Fig. 2). One beam is not modulated by the SLM and
arrives at the sensor as an inclined spherical wave of the form
Aj exp�i2π�uxj � vyj�∕λzs�Q�1∕z3�. The beam modulated by
the quadratic phase part on the SLM arrives on the sensor
as a different inclined spherical wave of the form
Aj exp�i2π�uxj � vyj�z5∕λz4zs �Q�1∕z4�, where z5 � zh − z4.
The other modulated beam is a shifted version of G�u; v�
multiplied by a plane wave. Formally, this last beam is repre-
sented as exp�i2π�uxj � vyj�∕λzs �G�u − uj; v − vj�, where
r̄ j � �uj; vj� � �xj; yj�zh∕zs. Consequently, the overall inten-
sity distribution on the sensor plane, due to the entire object,
is

I k�u; v� �
X
j

����Aj exp

�i2π�xju� yjv�
λzs

�
Q
�
1

z3

�
� Bj exp�iθk�

×
� ffiffiffiffiffiffiffiffiffiffiffiffi

1 − α2
p

exp

�i2πz5�xju� yjv�
λz4zs

�
Q
�
1

z4

�

�α exp

�i2π�xju� yjv�
λzs

�
G 0�r̄o − r̄ j�

	����
2

; (9)

where Aj and Bj are complex constants. The complex hologram
obtained from the phase-shifting procedure is

HOBJ�u;v��
ffiffiffiffiffiffiffiffiffiffiffi
1−α2

p X
j

A�
j Bj exp

�i2πzh�xju� yjv�
λz4zs

�
Q
�
1

zr

�

�α
X
j

A�
j BjG�r̄o − r̄ j�: (10)

The image reconstruction is carried out by correlating the com-
plex PSF hologram H̃PSF and the complex object hologram
HOBJ as follows:

P�u 0; v 0� �
ZZ

HOBJ�u; v�H̃�
PSF�u − u 0; v − v 0�dudv

≈
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − α2

p X
j

A�
j BjhF �u 0 − uj; v 0 − vj�

� α
X
j
A�
j BjhC �u 0 − uj; v 0 − vj�

∝ o�u 0∕MT ; v 0∕MT �: (11)

The resulting image is a magnified image of the object, with a
transverse magnification of MT � zrzh∕�z4zs�, which can be
MT � zh∕f o in the case where zs � f o. Note that for any
point j, both hF and hC are imaged into r̄ j � �uj; vj� with
the same lateral magnification MT , although the values of
hF and hC are not necessarily the same. In other words, the
spot magnificationsMW of FINCH and COACH are not nec-
essarily equal, although their lateral magnifications MT are
always equal. The spot magnification MW is the ratio between
the widths of the minimal resolved spots at the image and
object planes.MW can be easily calculated as the ratio between
the numerical apertures at the object and image planes. In the
case of COACH, both magnifications are equal, i.e.,
MT � MW , similar to classical imagers. However, with
FINCH the case is different; in the case of maximum resolu-
tion, in which zs � f o and zh � 2f 1, the lateral magnification
is MT � zh∕f o � 2f 1∕f o, whereas the spot magnification is
MW � f 1∕f o. Therefore, the magnification equation be-
comes MT � 2MW . Recalling that a possible formal manifes-
tation of the Lagrange invariant is the equality MT � MW
[13], one realizes that the Lagrange invariant can be violated
in a FINCH system. On the same optical configuration shown
in Fig. 2, one part of the system, the part related to COACH,
always obeys the Lagrange invariant, whereas the other part,
related to FINCH, may violate the Lagrange invariant.
Hence, the hybrid system may also violate the Lagrange invari-
ant, except for the case when α � 1, i.e., when the system is
purely COACH.

The similarity between COACH and classical imaging sys-
tems in the lateral resolution is valid also for the axial resolu-
tion. For COACH, the axial resolution is determined by the
axial width of the pinhole image, which is dictated by the axial
correlation length. Since the axial length of the smallest spot on
the sensor is ∼16λ�zh∕D�2, the minimum resolved axial size in
the object is ∼8λ�f o∕D�2 � 2λ∕�NA�2, which is about the
same resolution limit as for a conventional imager [34]. On
the other hand, as discussed in [13], FINCH has a poorer axial
resolution than both the classical imaging system and
COACH. This trade-off between noise level and axial resolu-
tion is exploited by the proposed hybrid system. Explicitly,
higher values of α toward 1 mean that the system is closer
to COACH, in the sense that the axial resolution and the noise
level are both higher, whereas lower values of α toward 0 mean
that the system is closer to FINCH, in the sense that the axial
resolution and the noise level are both lower.

B. Averaging Method
The theoretical description of the second technique, known as
the averaging COACH, is presented in this section. The

Research Article Vol. 56, No. 13 / May 1 2017 / Applied Optics F71



background noise in the reconstructed images of COACH is
reduced at the expense of the time resolution of the system.

The method of averaging COACH is based on the
assumption that every two CPMs of COACH, each syn-
thesized from a different independent random matrix, are
not correlated to each other. In other words, the value of their
cross correlation is negligible in comparison to the peak values
of their autocorrelations. Under this assumption, one can
deduce that the random-like nature of the CPMs is transferred
to the functions Gs, which are diffracted from the CPMs and
measured on the sensor plane. Hence, for an infinite number of
S independent CPMs, the series of background noise values
U j�s� �

R
Gs�r̄o�G�

s �r̄o − r̄ j�dr̄o at some point j, far more than
the correlation length from the autocorrelation peak on the sen-
sor plane, is a random zero-mean, complex-valued series.
Therefore, recording S independent COACH complex holo-
grams, each of which is related to a different independent
CPM, and averaging over all S reconstruction planes in their
complex state (before taking the absolute value of the plane
distribution) reduces the background noise toward zero as S
goes toward an infinite number of holograms. This noise reduc-
tion can be achieved while preserving the intrinsic axial reso-
lution of COACH. However, the penalty of this method is
expressed by a low time resolution; instead of recording three
raw holograms, one needs to record 3S holograms. It should be
emphasized that each reconstruction is realized using a POF in
the s digital correlator, as described in Section 2.A.

The SNR on the reconstruction plane is defined as the ratio
between the mean value and the standard deviation [35] of the
reconstructed image. To analyze the improvement in the SNR
from increasing the S independent COACH holograms, the
noise ratio between the SNR for some S and the SNR for
S � 1 is defined as follows:

SNRS

SNR1

� σ1
σS

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

MN

PM
m�1

PN
n�1 jP1�m; n� − P̄�m; n�j2

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

MN

PM
m�1

PN
n�1 jPS�m; n� − P̄�m; n�j2

q ;

(12)

where P̄�m; n� is the ideal image without noise, σs is the standard
deviationof the averaged reconstructed imagesoverS images, and
PS�m; n� is the average over S reconstructed images, given by
PS�m; n� �

PS
s�1 Ps�m; n�∕S.Thevalueof themean is the same

for any S and therefore is canceled in Eq. (12). Reference [35]
indicates that for independent S images, the SNR should be
improved by the factor

ffiffiffi
S

p
in comparison to SNR1. This sig-

nal-to-noise improvement of the averaging COACH can be
achieved without giving away the axial resolution of COACH,
but at the expense of an increased number of camera shots
and therefore a longer recording and processing time.

3. EXPERIMENTS

The two noise reduction techniques are experimentally demon-
strated using the setup shown in Fig. 3, which is similar to the
experimental setup of [19]. Two illumination channels were
used, each with a light-emitting diode (LED) (Thorlabs
LED631E, 4 mW, λ � 635 nm,Δλ � 10 nm). Two identical
lenses L1A and L1B were mounted in channels 1 and 2,

respectively, to critically illuminate the objects [36]. The
distance between the lenses L1A and L1B and the respective ob-
jects is 3 cm, and the diameter of the beam at the output of the
lens is ∼0.4 cm, imposing an NA of ∼0.067. Hence, the lateral
resolution is roughly 6 μm (0.61λ∕NA) and the axial resolution
is about 0.28 mm [2λ∕�NA�2]. A beam splitter (BS1) was used
to combine the light from the two channels. The light dif-
fracted by the objects in the two channels is incident on lens
L2 with a focal length of f 0 � 20 cm, mounted at a distance of
about 20 cm from the two objects. The light diffracted from the
two objects is collimated by the lens L2, and is polarized by the
polarizer P1 oriented at an angle of 45° with respect to the ac-
tive axis of the SLM (Holoeye PLUTO, 1920 × 1080 pixels,
8 μm pixel pitch, phase-only modulation). About half of the
light intensity oriented along the direction of the active axis
of the SLM is modulated, while the remaining intensity prop-
agates without being modulated. The SLM is placed at a dis-
tance of 11 cm from the lens L2. The distance between the
second beam splitter (BS2) and the SLM is 5 cm. A second
polarizer P2, oriented also at 45° with respect to the orientation
of the SLM, was used to enable the pass and interference only
between components with the same orientation. The interfer-
ence is recorded by a digital camera (Hamamatsu ORCA-
Flash4.0 V2 Digital CMOS, 2048 × 2048 pixels, 6.5 μm pixel
pitch, monochrome). The distance between the SLM and the
camera is zh � 40 cm. The distance values were selected to im-
plement FINCH in an optimal configuration in the sense of
maximum lateral resolution, similar to Ref. [31]. As per the
phase-shifting method, CPMs corresponding to θ � 0°,
120°, and 240° were displayed in the SLM to eliminate the twin
image and the zeroth-order terms [2,3].

A. Experimental Results of Hologram Reconstruction
with a POF
In the first experiment, we investigate the differences between
the previous reconstruction method [19] and the proposed one,
based on a POF. A complex hologram was recorded with the 10
line pairs per mm (lp/mm) element of a negative National
Bureau of Standards (NBS) chart. Its reconstructions using a
POF and a matched filter are compared in Fig. 4. It is clearly
observed that the POF-based reconstruction is sharper and has
much less background noise when compared to the matched-
filter-based reconstruction.

Fig. 3. Experimental setup of COACH with two illumination
channels.
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B. Experimental Results of the Hybridization
Technique
In the hybridization technique, the quadratic phase function of
FINCH is integrated with the CPM of COACH as described in
Section 2.A. By gradually varying the value of α from 0 to 1, the
degree of hybridization is varied from pure FINCH (α � 0) to
pure COACH (α � 1). For this study, hybrid systems with
α � 0, 0.2, 0.4, 0.6, 0.8, and 1 were tested. The CPM of
COACH was calculated using the GSA, while the focal
distance of the FINCH diffractive lens was f 1 �
zh∕2 � 20 cm. In the first experiment, a pinhole (25 μm)
was mounted on one of the channels at the front focal plane
of lens L2, while the other channel was blocked, and a hologram
HPSF of the pinhole was recorded for the above values of α. The
location of the pinhole varied from an axial distance of −8 cm
to �8 cm with respect to the front focal plane of lens L2. The
holograms HPSF (for θ � 0°, 120° and 240°) were recorded for
the different values of α and different axial locations, but with
the same components (Φ�r̄� and Q�−1∕f 1�) of the hybrid
CPM. The phase images of the phase masks displayed on
the SLM for α � 0, 0.2, 0.4, 0.6, 0.8 and 1 are shown in
Figs. 5(a)–5(f ), respectively. The holograms of the pinhole,
for θ � 0°, zs � f o, and for the above values of α are shown
in Figs. 6(a)–6(f ), respectively.

The holograms HPSF recorded at different axial locations
were correlated with the H̃PSF recorded at the front focal plane
of lens L2 (zs � f o) and the intensity of the reconstructed im-
age at �x; y� � �0; 0� was measured. The axial resolution of the
hybrid systems for different values of α was analyzed by plotting
the intensity of the reconstructed image at �x; y� � �0; 0� with
respect to the axial position of the pinhole object. The experi-
ment was carried out for a regular imager by measuring the
intensity of the image at �x; y� � �0; 0�, whereas the pinhole
at the locations of zs − f o � 	8 cm was imaged with a diffrac-
tive lens displayed on the SLM with a focal length of
f 1 � zh � 40 cm. The plots of the point image at �x; y� �
�0; 0� versus the axial location of the pinhole for regular imag-
ing, for FINCH, and for the hybrid system with different
values of α are shown in Fig. 7.

In Fig. 7, it can be seen that the curve of COACH matches
well with that of regular imaging, as was also demonstrated ear-
lier [19]. In the hybrid systems for α � 0 to 1, the profile of the
normalized intensity at �x; y� � �0; 0� reveals the gradual in-
crease in the axial resolution of the system, from the lowest axial

Fig. 4. Reconstruction results for a COACH hologram of an object
(Element 10 lp/mm of the NBS chart) with (a) a matched filter and
(b) a POF.

Fig. 5. Images of the SLM-displayed phase masks for (a) α � 0,
(b) α � 0.2, (c) α � 0.4, (d) α � 0.6, (e) α � 0.8, and (f ) α � 1.

Fig. 6. Images of the raw holograms of the pinhole for a phase-shift
value of θ � 0° for (a) α � 0, (b) α � 0.2, (c) α � 0.4, (d) α � 0.6,
(e) α � 0.8, and (f ) α � 1.

Fig. 7. Normalized intensity of the reconstructed/imaged point at
�x; y� � �0; 0� for different axial distances of the pinhole for regular
imaging, FINCH, and the hybrid system with different α values.
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resolution for α � 0 up to the maximum axial resolution
for α � 1.

To understand the behavior of the hybrid systems in a more
practical case, two targets, namely the NBS (NBS 1963A
Thorlabs) and United States Air Force (USAF) charts
(USAF 1951 1X Edmund Optics) were mounted in channel
1 and channel 2, respectively. Element 10 lp/mm of the
NBS chart and elements 4 (11.31 lp/mm), 5 (12.70 lp/
mm), and 6 (14.25 lp/mm) of group 3 in the USAF chart were
illuminated in a similar way. In these two resolution charts, the
other group elements were masked out. In the experiment, the
axial location of the NBS resolution chart in channel 1 was
fixed, while the axial location of the USAF resolution chart
in channel 2 was varied from Δ � −3 cm to �3 cm with re-
spect to the front focal plane of lens L2. The holograms of the
two objects, HOBJ, were recorded at every new axial location of
the USAF resolution chart for different values of α. At each
axial location, and for each value of α, three holograms
HOBJ, with the abovementioned three phase-shift values, were
recorded and superposed as explained above. The images of the
two objects at the above different axial locations of the USAF
resolution chart were also imaged directly by the regular imag-
ing system. The experiment was repeated by blocking channel 1
and replacing the USAF resolution chart in channel 2 with a
pinhole such that the holograms HPSF for different values of α,
but with the same hybrid CPM, were recorded at the corre-
sponding locations to the USAF holograms HOBJ. The images
of the objects at different axial locations were reconstructed by
correlating the holograms HOBJ with the H̃PSFs recorded at the
corresponding axial positions. Hence, the hologram HOBJ of
the two objects was reconstructed using two H̃PSFs correspond-
ing to the axial locations of the two planes of the objects. In the
case of regular imaging, the imaging at different planes was car-
ried out by varying the focal distance of the diffractive lens dis-
played on the SLM such that the respective planes were in
focus, while the other planes were out of focus. The overall
results of imaging/reconstruction are shown in Fig. 8. It can
be noted that the axial resolution of the system and the back-
ground noise level increased with the increase in the value of α
from 0 to 1. Therefore, with a suitable choice of the value of α,
it is possible to transit the system from an almost noiseless
low-axial-resolution FINCH to a noisy high-axial-resolution
COACH.

As a result of the Lagrange invariant violation by FINCH
mentioned in Section 2.A, the lateral resolution of FINCH is
about 1.5 times better than that of an equivalent incoherent
imaging system [31]. In the case of COACH, the lateral res-
olution is theoretically the same as that of a regular imaging
system [19]. However, in our present experimental setup,
the theoretical resolution (6 μm in the present setup) has
not been achieved due to the use of a pinhole wider than
the smallest size the system can resolve. The reconstruction res-
olution of the object can be improved when the diameter of the
pinhole is decreased. Resolution enhancement was noted when
the pinhole size was decreased from 100 to 25 μm. When the
reconstruction of the hybrid holograms was carried out using
Fresnel backpropagation for smaller values of α (0–0.6), the
lateral resolution matched that of FINCH reconstruction,

but with some background noise. The reconstruction by
Fresnel backpropagation failed for higher values of α.
Because of power constraints, it is impossible in the present
setup to work with a pinhole diameter below 25 μm.
Therefore, we conclude that with an ideal small pinhole it will

Fig. 8. Experimental comparison of results of regular imaging and
reconstruction results of the hybrid system for α � 0, 0.2, 0.4, 0.6,
0.8, and 1 for a two-plane object made up of the NBS resolution chart
at plane 1 and the USAF resolution chart at plane 2 of channels 1 and
2, respectively, when the location of the USAF chart relative to the
NBS chart was varied from Δ � −3 to 3 cm in steps of 1 cm. The
red box represents the object and axial location that is in focus.
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be possible to demonstrate the predicted higher lateral resolu-
tion of the hybrid system with α < 1.

To analyze the behavior of the noise ratio with the change in
α, the ratio between the SNR for some α and the SNR for α �
1 is defined as follows:

SNRα

SNR1

� σ1
σα

�
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q ;

α � 0; 0.2;…1; (13)

where P̄�m; n�, in this case, is the average image chosen to be
the reconstructed image from FINCH by Fresnel backpropa-
gation. To analyze the change in the axial resolution versus α,
we define the ratio of the peak at z � 0 to the average axial
background as follows:

PBR � I�z � 0�
1
N

Pz�N∕2
z�−N∕2 I�z�

: (14)

The SNR and the peak-to-background ratio (PBR) of the axial
curves (shown in Fig. 7) were calculated for different values of α
and plotted together in Fig. 9.

As expected, with the increase in the value of α, the SNR
decreases, while the PBR of the axial curve, which characterizes
the axial resolution of the system, increases. This behavior of
the SNR and PBR is obtained because a high value of α means
the system is more COACH-like with a lower SNR and a
higher PBR, whereas a low value of αmeans the system is more
FINCH-like, with a higher SNR and a lower PBR. Figure 9
expresses the compromise of the hybrid system and can guide
potential users to select the right α value according to their
choice of balance between noise and axial resolution. The dem-
onstrated hybridization technique has indeed been proved use-
ful for reduction of the background noise. However, the axial
resolution of the system is decreased with the decrease in the
background noise level. In some applications, a higher axial res-
olution is preferable, while in others, a lower axial resolution is
necessary; therefore, by a correct choice of α, the hybrid system
can be tuned to different axial resolution values suitable for
various applications.

C. Experimental Results of the Averaging Technique
Next the averaging method is used for reducing the background
noise. The random-like CPM is the source for the higher axial
resolution in COACH, while it is also the source for the back-
ground noise in the reconstruction plane. In the averaging
approach, assuming that the background noise is a random
signal with a zero mean, and assuming that the desired signal
has a nonzero mean, one can improve the SNR by averaging
over many independent COACH holograms, each of which is
captured from different quasi-random CPMs. Even though
each CPM is calculated by the GSA [20], the procedure starts
with a different initial random phase mask, and therefore the
final CPM is quasi-random, with relatively low cross correlation
to any other CPM. Hence, in this approach, a library of CPMs
was created and the COACH holograms for various objects
(HOBJ) and for various pinholes (HPSF) were recorded using
the different CPMs. In the end of the process, the multiple
complex reconstructed images were averaged. Based on [37],
it is expected that the SNR would be improved with an increase
of the number of CPMs.

The experiment was repeated using two objects, USAF and
NBS resolution charts located at different lateral planes. The
axial location of the USAF resolution chart was varied from
−3 cm to �3 cm with respect to the front focal plane of lens
L2, while the axial location of the NBS resolution chart was
constant. This time, however, multiple holograms of the two
objects were recorded corresponding to the different CPMs
at every axial location of the USAF resolution chart. The experi-
ment was repeated again using a pinhole with the same CPM
library, such that the hologramsHPSF were recorded at the same
axial locations as those of the USAF resolution chart. The regu-
lar imaging and reconstruction results for the object 10 lp/mm
for FINCH, COACH, and COACH after averaging over the
20 reconstructions obtained with 20 different CPMs are shown
in Fig. 10. The averaging technique is clearly effective in reduc-
ing the background noise of COACH.

A plot of the improvement in the SNR ratio (SNRs∕SNR1)
when the number of CPMs was increased from s � 1 to 20 and
a theoretical SNRs∕SNR1 curve with a square-root dependence
on s are shown in Fig. 11. The discrepancy between the theo-
retical and experimental curve in Fig. 11 is probably due to the
increase in the coherence of the light during its propagation

Fig. 9. Signal-to-noise ratio and peak-to-background ratio of the
hybrid system for different values of the transition factor α.

Fig. 10. Imaging results of (a) regular imaging, (b) FINCH,
(c) COACH with a single CPM, and (d) averaged COACH with
20 different CPMs.
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from the SLM to the sensor plane. The square-root dependence
on s is valid for random independent signals. However, it is well
known that as the propagation distance becomes longer, the
independence of the signals is reduced and hence the curve
of the SNR improvement becomes different from the theoreti-
cal curve. Since the time resolution is inversely proportional to
the number of exposures, Fig. 11 can also represent the depend-
ence of the SNR versus the inverse of the time resolution. The
reconstruction results after averaging over 5, 10, 15, and
20 samples are compared with those of COACH of a single
CPM, FINCH, and regular imaging, as shown in Fig. 12.
The results clearly demonstrate the decrease in the background
noise, as well as the decrease in the out-of-focus noise, when the
number of samples is increased from s � 1 to 20. The dem-
onstrated averaging technique reduces the background and
the out-of-focus noise without affecting the axial resolution
of the system. Hence, in a way, the averaging technique is better
than the hybridization technique. The number of exposures
required in the case of the averaging technique is quite high,
which makes this technique time-consuming in some cases.
However, it can be noted in Fig. 12 that as few as five samples
are sufficient to obtain an SNR similar to FINCH. For any real
application, the main parameter to consider is the SNR, from
which the number of required samples can be deduced based
on the curves in Fig. 11.

4. SUMMARY AND CONCLUSIONS

In conclusion, we have presented a technique for reconstructing
COACH holograms. The hologram of a point object is no
longer used in its raw form as the reconstructing hologram.
Instead, the reconstructing hologram, in this study, is com-
puted as an inverse Fourier transform of the spectrum phase
of the PSF hologram. Empirically, this modification improves
the SNR of the reconstructed images. Further investigation is
required in order to find the optimal filter of the reconstructing
correlator, which might increase the SNR beyond the present
results.

With this reconstructing hologram, we have proposed and
demonstrated two methods of noise reduction in COACH.
The hybrid method involves the integration of a quadratic
phase mask, as used in FINCH, with a quasi-random CPM,
as used in COACH. In this way, the hybrid system moves from
FINCH to COACH through different levels of hybridization,

Fig. 11. Plot of the SNR for different numbers of CPM samples
and the ideal SNR curve with square-root dependence on the number
of samples.

Fig. 12. Experimental results of COACH reconstruction with dif-
ferent numbers of CPMs (m � 1, 5, 10, 15, 20), regular imaging, and
FINCH reconstruction for a two-plane object made up of the NBS
resolution chart at plane 1 and the USAF resolution chart at plane
2 of channels 1 and 2, respectively, when the location of the USAF
chart relative to the NBS chart was varied from −3 to 3 cm in steps
of 1 cm. The red box represents the object and axial location that is in
focus.
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with associated hybrid properties of FINCH and COACH.
Analysis of the hybrid system reveals the possibility of noise
reduction by tuning the system from COACH toward
FINCH. Even though the technique provides a solution to
the background noise problem in COACH, the noise reduc-
tion occurs with the sacrifice of the axial resolution of the sys-
tem. However, the hybrid system provides tunability to transfer
the system in real time between different values of axial reso-
lution and noise levels, which might be suitable for certain ap-
plications such as biological and industrial microscopy. The
higher lateral resolution of FINCH, however, could not be
realized in our experiments because such a high resolution
demands a small pinhole size below the level that enables an
acceptable SNR in the image sensor.

Another noise reduction technique has been proposed and
demonstrated, where multiple holograms are recorded using in-
dependent quasi-random CPMs and their reconstructions are
averaged. The background noise is decreased with an increase
in the number of CPMs. This technique proved useful in noise
reduction, while preserving the axial resolution of COACH.
However, the process demands the recording of multiple inde-
pendent holograms, and thus slows down the entire recording
procedure.

Funding. Israel Science Foundation (ISF) (1669/16, 439/
12); Ministry of Science and Technology, Israel.
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